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It has been shown, that electromagnetic field (EM) has in general case quaternion structure, 
consisting of four independent fields, which differ each other by the parities under space inversion 
and time reversal. It follows immediately from Rainich dual symmetry of Maxwell equations and 
additional hyperbolic dual symmetry, established in given work. It has also been shown, that for 
any complex relativistic field the gauge invariant conserving quantity is two-component scalar or 
pseudoscalar value - complex charge. It means in applicability to EM-field, that its gauge symmetry 
group is determined by two-parametric group T{a,l3) = Ui{q) (g) fH;(/3), where SH(/3) is abelian 
multiplicative group of real numbers (excluding zero). Generalized Maxwell equations for four- 
component EM-field are obtained on the basis of its both dual and hyperbolic dual symmetries. 
Invariants for EM-field, consisting of dually symmetric parts, for both the cases of dual symmetry 
are found. It is shown, that the only one physical conserving quantity corresponds to both dual 
and hyperbolic dual symmetry of Maxwell equations. It is spin in general case and spirality in the 
geometry, when vector E is directed along absciss axis, H is directed along ordinate axis in {E, H) 
functional space. In fact it is the proof for four component structure of EM-field to be a single whole, 
that is confirmation along with the possibility of the representation of EM-field in four component 
quaternion form the necessity of given representation. It extends the overview on the nature of 
EM-field itself. 

PACS numbers: 42.50.Ct, 61.46.Fg, 73.22.-f, 78.67.Ch, 71.10.Li, 73.20.Mf, 63.22.-|-m 



I. INTRODUCTION AND BACKGROUND following [4 x 4]-matrices, so called [0,l]-matrices, can be 

basis of complex numbers 

A. Matrix Algebra of Complex Numbers and its 
some Consequences for Quantum Theory 



Let us summarize some useful results from algebra of 
the complex numbers. The numbers 1 and i are usually 
used to be basis of the linear space of complex numbers 
over the field of real numbers. At the same time to any 
complex number a -\- ib can be set up in conformity the 
[2 X 2]-matrix according to biective mapping / 
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produce basis for complex numbers {a -f ib}, a,b R 
in the linear space of [2 x 2]-matrices, defined over the 
field of real numbers. It is convenient often to define the 
space of complex numbers over the group of real positive 
numbers, then the dimensionality of the matrices and 
basis has to be duplicated, since to two unities - positive 
1 and negative —1 can be set up in conformity the [2 x 2]- 
matrices according to biective mapping s 
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which allows to recreate the operations with negative 
numbers without recourse of negative numbers them- 
selves. Consequently, in accordance with mapping <^ the 
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The choise of basis is ambiguous. Any four [4x4] [0,1]- 
matrices, which satisfy the rules of cyclic recurrence 



I, I 



(5) 
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can be basis of complex numbers. In particular, the fol- 
lowing [4 X 4] [0,l]-matrices 
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can also be basis of complex numbers. Naturally, the 
set of [0,l]-matrices, given by ^ is isomorphous to the 
set, which is given by (jlj. It is evident, that the sys- 
tem of complex numbers can be constructed by infinite 
number of the ways, at that cyclic basis can consist of m 
units, m € N, starting from three. It is remarkable, that 
the conformity between complex numbers and matrices 
is realized by biective mappings. It means, that there 
is also to be existsting the inverse mapping, by means 
of which to any squarte matrix, belonging to the linear 
space with a basis given by (0]), or ©, or any other, sat- 
isfuing the rules of cyclic recurrence like to ([S]), can be 
set up in conformity the complex number. In particular 
to any Hermitian matrix H can be set up in conformity 
the complex number in correspondence with mapping ^ 



^■.H^S + iA 
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(7) 



where S and A are symmetric and antisymmetric parts 
of Hermitian matrix. Given short consideration allows to 
formulate the following statements. 

1. Quantized free EM- field is complex field in general 
case. 

Proof is evident and it is based on (O, if to take into 
account, that quantized free EM-field can be determined 

by Hermitian operators E(r,t) and H{f,t), representing 
themselves the full set of quantized free EM-field operator 
vector-functions, that is, they can serve for basis in cor- 
responding operator vector- functional space (see Sec. II). 
Given statement can be generalized. 

2. Any quantumphysical quantity is complex quantity in 
general case. 

Proof is evident and it is based on the same relation- 
ship, since any quantumphysical quantity is determined 
by Hermitian operator. Therefore, two sets of observ- 
ables, which are determined by real functions, corre- 
spond to any quantumphysical operator quantity in gen- 
eral case. 



Additional gauge invariance of complex 
relativistic fields 



We will argue in the next Section, that EM-field in the 
matter can be considered in general case to be complex 



field, each component in which is also complex field, that 
is, it has quaternion nature. In given Section we will 
prove the idea, that for any complex field the conserved 
quantity, corresponding to its gauge symmetry, that is 
charge, can be in general case also complex. 

Let u{x) = { Ui{x) }, i = 1, n, the set of the functions 
of some complex relativistic field, that is, scalar, vector 
or spinor field, given in some space of Lorentz group rep- 
resentations. It is well known, that Lagrange equations 
for any complex relativistic field can be represented in 
the form of one matrix relativistic differential equation of 
the first order in partial derivatives, that is in the form 
of so called generalized relativistic equation, and anal- 
ogous equation for the field with Hermitian conjugated 
(complex conjugated in the case of scalar fields) functions 
M+(x) — { u^(x) } . The equation for the set u{x) of field 
functions is 



(q!^9^ + KaQ)u{x) = 0. 



(8) 



Similar equation for the field with Hermitian conju- 
gated (complex conjugated in the case of scalar fields) 
functions, that is for the functions u^{x) — {^ul{x) }, 
i = 1, n, is 



d^u^ {x)a^ + nu^{x)aQ — 0. 



(9) 



In equations ([U |9l) a^^ao are matrices with constant 
numerical elements. They have an order, which coincides 
with dimension of corresponding space of Lorentz group 
representation, realized by {ui{x)}, i = In partic- 
ular, they are [n x n]- matrices, if {ui{x) }, i = l,n are 
scalar functions. It is evident, that the transformation 



u'{x) = l3exp{ia)u{x), 



(10) 



where a, /3 G i?, and analogous transformation for Hermi- 
tian conjugate functions (or complex conjugate functions 
in the case of scalar fields) 



(x) — (3exp{—ia)u'^ {x) 



(11) 



keep Lagrange equations (j8l 91) to be invariant. It is un- 
derstandable that transformation of field functions by 
relationships (ITO|) . (fTTj) is equivalent to multiplication of 
field functions by arbitrary complex number. It is well 
known, that given linear transformation is the simplest 
example of isomorphism of corresponding linear space, 
which is given over the field of complex numbers, onto 
itself, that is, in the case considered the relationships 
(1101 111) give automorphism of the space of field functions. 
Automorphism of any linear space leads to some useful 
properties of the objects, which belong to given space. 
For instance, if to set up in a correspondence to the 
space of field function the affine space, then conservation 
laws of coUinearity of the points and of simple relation 
of the triple of collinear points will be fulfilled by auto- 
morphism in given affine space. Consequently, we have 
to expect the physical consequences of given algebraic 
property in the case of physical spaces. Conformably to 
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the case considered we have in fact gauge transformation 
of field functions, which is more general in comparison 
with usually used. The set {j3exp{—ia) for all possible a, 
P £ R produces the group F, which is direct product of 
known symmetry group Ui, and multiplicative group $H 
of all real numbers (without zero) . Therefore, in the case 
considered the symmetry group of given complex field 
acquires additional parameter. So, we will have 



(12) 



Let us find the irreducible representations of the group 
£H(/3). It has to be taken into account, that the group 
*H(/3) is abelian group and its irreducible representations 
T(9^) are onedimensional. So, the mapping 



T : $n ^ r(fR) 



(13) 



is isomorphism, where T(l) — 1. Therefore, for V(/3, 7) of 
pair of elements of group ^H(/3) the following relationship 
takes place 



T(/3,7) = r(/3)T(7). 
Then, it is easy to show, that 

T(/3) = /3w(i). 

T(-/3) = -r(/3) 



(14) 



(15) 



The value can be obtained from the condition 



(16) 



Consequently, we have 

r(/3) = /32fc+i = exp[{2k + l)lnl3], (17) 

where k € N. Then irreducible representations of the 
group r(a, /3) represent direct product of irreducible rep- 
resentations of the groups Ui{a) and 9^(/3) 

r(C/i(a)) (g) r(<H(^)) = exp{~ima)exp[{2k + l)?n/3], 

(18) 

where m,k — 0, ±1, ±2, ... . 

It is clear, that some conserved quantity has to cor- 
respond to gauge symmetry of the field, which is deter- 
mined by the group lH(/3). Thus we arrive at a formula- 
tion of the following statement. 

3. Conserving quantity - complex charge, which is in- 
variant under total gauge transformations, corresponds 
to any complex relativistic field (scalar, vector, spinor). 

Proof. 

Really, since generalized relativistic equations are in- 
variant under transfomations (|10l lip and variation of ac- 
tion integral with starting Lagrangian is equal to zero, 
then variation of action integral with transformed La- 
grangian in accordance with (|10l lip will also be zero. 
Consequently, all the conditions of applicability of Nother 
theorem, by proof of which the only invariance under La- 
grange equations is sufficient, [ij, are held true. We wish 
to pay attention to typical inaccuracy, which is abundant 



in the literature, consisting in that, that for applicabil- 
ity of Nother theorem the Lagrangian invariance under 
corresponding symmetry transformations is required. At 
the same time the only invariance of Lagrange equations 
under corresponding symmetry transformations, which 
certainly takes place in given case, is necessary (see proof 
of Nother theorem). According to Nother theorem, the 
conserved quantity, corresponding io v — th parameter 
{v = 1, fc) by invariance of field under some fc-parametric 
symmetry group, is (see, for instance, (H). 



ivdon = const, 



(19) 



where a is any spacelike hypersurface, a C ^R/^ and 4- 
tensor is determined by relation 



dL 



Y,,, 



(20) 



in which L is field Lagrangian and the matrices Xp^, , Y^jy 
are determined by matrix representations ||(/i/)/i u\\ and 
||(«/i/)ifc|| of infinitesimal operators of symmetry group in 
coordinate space and in the space of field functions re- 
spectively in accordance with the following relationships 



(21) 



Since the value of integral in does not depend on 
the choose of spacelike hypersurface, then usually the 
hypersurface, which is orthogonal immediately to time 
axis is used. By given choose 4- vector da^, representing 
itself infinitesimal element of spacelike hypersurface, is 
{d<7p} = {0, 0, 0, d(T4}, where da4 = —id^x. Then the 
expression (IT9t gets the form 



iijd^x — const, 



(22) 



where the conservation of the quantity (3i/(ct4) in time is 
represented in explicit form, since the time can be unam- 
biguously set in the correspondence to hypersurface 174 
(seei). 

In the case of the invariance of the action variation 
under gauge symmetry group 9^(/3) the values Xp^y = 
(gauge transformations do not touch upon the coordi- 
nates), and, since the group 5H(/3) is oneparametric, 4- 
tensor 9 pi, = 9p^ = Op, that is, it represents 4- vector. 
Then taking into account, that in given case matrix 
||(-^i/)/i v\\ of infinitesimal operator = I represents it 
self real number / 
following expression 



1, we obtain for 4- vector Op the 
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(23) 



d{dpu,) ' d{dpuX) ^' 

Components of 4- vector Op, which can be identified with 



additional 4- vector of charge-current density Op = jp 



'[2] 
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^J 1 where J is 



dL 



dL 



satisfy to continuity equation 



(24) 



(25) 



which represents itself the conservation law for 4- vector 

.'[21 . . 

jf} in differential form. It distincts from known 4- vector 
of charge-current density ( see pj]), which is reasonable 
to redesignate to be j]^^ , and which is 



J 



[1] 



, dL 



dL 



(26) 



by the factor i and by sign of the first item. It means, 
that any complex field is characterized by total 4- vector 
j^, which is complex and can be represented in the form 



(27) 



We see, that both real 4- vector-functions of the complex 
4-current vector are differ each other the only by sign 
of the first item. 

Conserving quantity, corresponding to (|23p . that is 
imaginary component of the charge, is equal to 



'[2] 



hcfix. 



Consequently Q is determined by relationship 



Q 



[2] 



dL 



dL 



d{diUi 



d{diu* 



(28) 



(29) 



It is seen from relationship (1^^ . that obtained addi- 
tional charge is really purely imaginary quantity. It fol- 
lows from comparison with relationship for known con- 
served quantity for any complex field, for instance, for 
Dirac field. Let us remember, that real guantity - charge 
QI^I, is the consequence of gauge symmetry, consisting in 
the invariance of Lagrange equations under the transfor- 
mations 



u' {x) = exp{ia)u{x) 



and 



u'^{x) = exp{—ia)u^{x). 
In general case QI^I, ([!]), is 



(30) 
(31) 



Q^ = - I [7^7!^"' - (32) 
J d{diUi) d{diUi)* 

Therefore any relativistic complex field can be char- 
acterized by complex conserving quantity Q, that is by 
complex charge, which can be represented in the form 



[2] 



(33) 



with two real components Ql'^l and Q^^'. The statement 
is proven. 

From the statement 3 we obtain the consequence, 
which seems to be essential and it is formulated in the 
form of the statement 4. 

4. Conserving quantity - purely imaginary charge, 
which is invariant under total gauge transformations, 
corresponds to any real relativistic field (scalar, vector, 
spinor). 

The proof is evident, if to take into account, that any 
real quantity, including relativistic field, is particular case 
of complex quantity. 

In suggestion, that analogous statements are held true 
for quantized fields, we can conclude, that free EM-field 
quantum, that is photon, possesses along with the spin 
by the charge, which is purely imaginary in the case of 
real free EM-field. It becomes now to be physically un- 
derstandable rather effective realization of EM-field in- 
teraction with the matter by means of given relativistic 
particles. 

It becomes also to be understandable qualitatively the 
mechanism of appearance of real part of a charge when 
free real EM-field enter the matter. The velocity v of 
EM-field propagation in the matter is less in compari- 
son with the velocity c in vacuum. Consequently, hy- 
perbolic rotation of coordinate system in, for example 
(x3, X4)-plane of Minkowsky space and isomorphic to it 
rotation in (Qi, Q2)-plane of complex charge space take 
place. It corresponds to appearance of real component of 
the charge, and it is consequence of additional hyperbolic 
symmetry of Maxwellian EM-field (see the next Section) . 
The same mechanism leads to appearance of imaginary 
part of EM-field vector- functions and currents. Naturally 
it is suggested, that life time of the photons, which are 
entered in the matter is rather long, that is rather strong 
electron-photon interaction takes place. 

It seems to be clear, that Maxwell equations with all 
complex- valued vector and scalar variables give concrete 
realization of the connection between dual and gauge 
symmetries of EM-field. 

It is remakable, that, like to mechanics, a number of 
conservation laws, which can have EM-field, are optional 
in their simultaneous fulfilment. In particular, it is ev- 
ident, that by automorphic transformation of the space 
of EM-field functions by relationship pUj) the conserva- 
tion law for charge will always take place. At the same 
time the energy conservation law and the conservation of 
Poynting vector will be fullfilled, if given transformation 
is applied to EM-field potentials. The force character- 
istics, that is E-, //-vector functions can be used to be 
basis for free EM-field description, since they will repre- 
sent the full set in free EM-field case. However the energy 
conservation law and the conservation of Poynting vec- 
tor, that is mathematical construction, to which enter 
E-, H-vector functions, will not be fullfilled by transfor- 
mation (ITU|) at arbitrary /3. Given situation is realized 
by the propagation of the EM-field in the matter with 
the velocity w 7^ c, that is with the velocity, which is not 
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equal to light velocity in vacuum. The charge remains 
to be Lorentz invariant quantity (see Sec. 2), at the same 
time both the field characteristcs, the energy and impulse 
(determined by Poynting vector) are not Lorentz invari- 
ant quantities. It is remarkable, that the conclusion on 
charge Lorentz invariance was formulated in jsj to be 
self-evident. Thus, we see, that the charge conservation 
law for EM-field is fuUfilled even through the energy and 
impulse conservation laws do not take place. Therefore, 
the charge conservation law can be considered in given 
meaning to be more fundamental. 



II. COMPOUND QUATERNION NATURE OF 
EM-FIELD WITH FOUR REAL COMPONENTS, 
HAVING DIFFERENT SPACE AND TIME 
PARITY 

A. Generalized Maxwell Equations 

Symmetry studies of electromagnetic (EM) field have 
a long history, which was starting already in 19-th cen- 
tury from the work of Heaviside 4] , where the existence 
of the symmetry of Maxwell equations under electrical 
and magnetic quantities was remarked for the first time. 
Mathematical formulation of given symmetry gave Lar- 
mor 5]. It is consisting in invariance of Maxwell equa- 
tions for free EM-field under the transformations 



E ^ ±H,H ^ TE, 



(34) 



The transformations are called duality transfor- 

mations, or Larmor transformations. Larmor transfor- 
mations (j34p are particular case of the more general 
dual transformations, established by Rainich Dual 
transformations produce oneparametric abelian group 
Ui, which is subgroup of the group of chiral transfor- 
mations of massless fields. Dual transformations corre- 
spond to irreducible representation of the group of chiral 
transformations of massless fields in particular case of 
quantum number j = 1 ^ and they are 



E' Ecos9 + Hsm0 
H' HcosO- Esine, 



(35) 



where parameter 9 is arbitrary continuous variable, 9 e 
[0,27r]. In fact the expression (1351) is indication in im- 
plicit form on compound character of EM-field. Really 
at fixed 6 the expression (1551) will be mathematically cor- 
rect, if vector-functions E, H will have the same sym- 
metry under improper rotations, that is concerning the 
parity P under space inversion, both be polar or axial 
ones, or be both consisting of polar and axial compo- 
nents simultaneously. Analogous conclusion takes place 
regarding the parity t under time reversal. The possi- 
bility to have the same symmetry, that is, the situation, 
when both the vector-functions E, H are pure polar (ax- 
ial) vector-functions, or both ones t-even (t-uneven) si- 
multaneously contradicts to experiment. Consequently it 



remains the variant, that vector- functions E', H' in the 
expression (1351) are compound and consits of the com- 
ponents with even and uneven parities under improper 
rotations. It is in agreement with overview on compound 
symmetry structure of EM-field vector- functions E{r,t), 
H{f,t), D{r,t), B{r,t), consisting of both the gradient 
and solenoidal parts, that is uneven and even parts under 
space inversion in jSjJ , where compound symmetry struc- 
ture of EM-field vector- functions is represented to be self- 
evident. It corresponds also to theoretical assumption in 
0, where along with usual choice, that is, that electric 
field E is polar vector, magnetic field H is axial vector, 
the alternative choice is provided. The conclusion can be 
easily proved, if to represent relation p5p in matrix form 



" E' ' 




H' 





cos 9 sin 9 
— sin 9 cos 9 





■ E ' 




H 



(36) 



We see, that given matrix has the form, which allows set 
up in conformity to it the comlex number according to 
biective mapping like to ([T]). Consequently, we have 



E' 
H' 



E 
H 



that is 



E' = Ecos9- iEsm9 
H' = Hcos9-iHsm9 



(37) 



(38) 



It means, that to real plane, which is determined by the 
vectors E and H can be set in conformity the complex 
plane for the vectors E' and H'. 

It is evident now, that really both the vectors E' and 
H' are consisting of both, P-evcn and P-unevcn compo- 
nents. So the first component of, for instance, E' will be 
P-even under reflection in the plane situated transversely 
to absciss-axis, the second component will be P-uneven. 

Therefore, dual transformation symmetry of Maxwell 
equations, established by Rainich [6], indicates simulta- 
neously on both complex nature of EM-field in general 
case, and that both electric and magnetic fields are con- 
sisting in general case of the components with various 
parity under improper rotations. 

Let us find the invariants of dually transformed EM- 
field. It is easily to show, that the following relationship 
is taking place 



E^ -H^ + 2i{EH) 



mv, 



(39) 



that is, we have at fixed parameter 6* 7^ two real EM- 
field invariants 



(E^ - H^) cos 29 + 2{EH) sin 261 = inv 
2{EH) cos 29 - {E^ - H^) sin 29 = inv. 



(40) 
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It follows from relation (|40|) that, in particular, at 6* = 
we have well known |8i EM-field invariants 



{E^ -H^)^ inv 
(EH) = inv. 



(41) 



It is interesting, that a.t 9 — 45° and at 6* = 90° the 
invariants of dually transformed EM-field are determined 
by the same relation (j4ip and by arbitrary 9 we have 
two linearly independent combinations of given known 
invariants. 

Subsequent extension of dual symmetry for the EM- 
field with sources leads also to known requirement of 
the existence of two type of other physical quantities - 
two type of charges and two type of intrinsic moments of 
the particles or the absorbing (dispersive) centers in con- 
densed matter. They can be considered to be the com- 
ponents of complex charge, or dual charge (in another 
equivalent terminology) of so called dually charged parti- 
cles, which were described theoretically (see Q). We have 
to remark, that setting into EM-field theory of two type 
of charges and two type of intrinsic moments is actual, 
since recent discovery of dually charged quasiparticles Q 
and the particles with pure imaginary electric intrinsic 
moments [lo| in condensed matter, - respectively, spin- 
Peierls 7r-solitons and Su-Schrieffer-Heeger cr-solitons in 
carbynoids, is clear experimental proof, that EM-field 
theory with complex charges and complex intrinsic mo- 
ments has physical content. EM-field theory with com- 
plex charges and complex intrinsic moments ceases con- 
sequently to be the only formal model, which although 
is very suitable for many technical calculations, but was 
considered upto now to be mathematical abstraction, in 
which magnetic charges and magnetic currents are ficti- 
tious quantities. Similar conclusion concerns the concep- 
tion of complex characteristics of EM-field in the matter. 
Given conception agrees well with all practice of elec- 
tric circuits' calculations. Very fruitfull mathematical 
method for electric circuits' calculations, which uses all 
complex electric characteristics, see for example was 
also considered earlier the only to be formal, but conve- 
nient mathematical technique. Informality of given tech- 
nique gets now natural explanation. It has to be taken 
into account however, that in the case 9 = we have well 
known electrodynamics with odd P-parity of electric field 
and even P-parity of magnetic field. In given case all the 
EM-field characteristics are real and by using in calcu- 
lations of the complex quantities, we have always add 
the corresponding complex conjugate quantities. At the 
same time in the case 7^ it will be incorrect, since both 
the real observable quantities, which corresponds to any 
complex EM-field characteristics have to be retained. In- 
dependent conclusion follows also from gauge invariance 
above considered (Sec. I). Really, the presence of complex 
charge means that 4- vector of current for any complex 
field is complex vector. In its turn, it means, that inde- 
pendently on starting origin of the charges and currents 
in the matter [they can be result of presence of Dirac field 



or another complex field] all the characteristics of EM- 
field in the matter have also to be complex-valued. Given 
conclusion follows immediately from Maxwell equations, 
since complex current enters explicitly Maxwell equa- 
tions. It is also substantial, that Maxwell equations are 
invariant under the transformation of EM-field functions 
by relationship (ITU)l . 

Let us designate the terms in 



(42) 



Ecos9^ 3^\Esm9 = 
Hcos9 = H^^lHsm9^ H^^l 



The Maxwell equations for the EM-field {E' , H') in the 
matter in general case of both type of charged particles 
(that is electrically and magnetically charged), including 
dually charged particles are 



V X E'{r,t) 



V X H'{r,t) 



-Mo^^-4(^t), (43) 



dE'(r,t) -.^^ , 
eo h^+j'e{r,t), (44) 



dt 



(V-#(r,t)) = p',(f,t), 



(45) 



(46) 



where j'^{f,t), j'g{r,t) are respectively electric and mag- 
netic current densities, p^(r,t), Pg{r,t) are respectively 
electric and magnetic charge densities. Taking into ac- 
count the relation ([25]) and (gH) the system (gS]), (gH), 
(|45| . (l46l) can be rewritten 



V X (^W(f,<) -2^[2l(f,<)) 



ai?[il(f,i) 9i?[2l(r,i) 
— i- 



dt 



dt 



(47) 



Jg [r,t)+ijg {r,t), 



a^W(f,t) .dE^'^\r,t) 



dt 



dt 



(48) 



+ i}^\r,t) - ijj-'^\f,t), 



(V • {eW {r, t) - z^Pl (f, t)))= (f, t) - (r, t), (49) 

(V-(i/W(r,t)-»i?[2l(f,t))) =pW(r,t)-*p|l(r,i), (50) 

where j^\r,t), j^\f.t), fg^^r^t), fg^^r^t) are cor- 
respondingly electric and magnetic current densities. 
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which by dual transformations are obeing to relation like 
to JMl) 0, they are designated like to (j42|), pe\r,t), 
p^e\r,t), pg'(r, t), pg^'(r, i) are correspondingly elec- 
tric and magnetic charge densities, which transformed 
and designated like to field strengths and currents. 
In fact in the system of equations (gT]), (gH]), (HHl) . 
([50)1 are integrated Maxwell equations for two kinds of 
EM-fields (photon fields in quantum case), which dif- 
fer by parities of vector and scalar quantities, entering 
in equations, under space inversion. So, the compo- 
nents i?[^l(r, i), iJ[^I(r, i), je' \r,t) have uneven parity, 
i?t^l(f, t), H^^^{r,t),je^ {f,t) have even parity, pl^\r,t), 
pf\r,t) are scalars, p[f'(r, t), p^g\f,t) are pseudoscalars. 
In the case, when jg(r, t) = 0, p'gir, i) = we obtain the 
equations of usual singly charge electrodynamics for com- 
pound EM-field in mathematically correct form, which 
allows to separate the components of EM-field with var- 
ious parities P under space inversion. It is remarkable, 
that the idea, that vector quantities, which characterize 
EM-field, are compound quantities and inlude both gra- 
dient and solenoidal parts, that is uneven and evenparts 
under space inversion was put forward earlier in Q . At 
the same time in the equations of dual electrodynamics 
given idea was presented the only in implicit form. The 
representation in explicit form by equations (|47p . (gS)), 
(g5)) . ([50)1 seems to be actual, since field vector and scalar 
functions with various t- and P-parities are mathemati- 
cally heterogeneous and, for instance, their simple linear 
combination, for instance, for P-uneven and P-even elec- 
tric field vector- functions E^^\r,t), E^'^\r,t) 



ai^W(f,t) + a2^[^l(f,t) 



(51) 



with coefficients ai, a2 from the field of real numbers, 
which is taking place in some theoretical and experi- 
mental works, is collage. Similar situation was discussed 
in (l^ by analysis of Bloch vector symmetry under im- 
proper rotations. Mathematically the objects, which are 
like to ([?T|) can exist. Actually to the set of {E^^\f,t)} 
and to the set of (f, t)} can be put in correspondence 
the afHne space. However given afSne space corresponds 
to direct sum of two usual vector spaces, consisting of 
different physically objects, that is, it represents in fact 
also collage. Really, given direct sum can be represented 
by direct sum of linear capsule 



[4m{r,t)\a\ 



(52) 



representing itself three-dimensional vector space of the 
set {i?[^l(r, i)} and linear capsule 



{aiE^'\r,t)\a'^ 



eR,leN\ 



(53) 



representing itself three-dimensional vector space of the 
set {ijl^l (r, t)}. It is substantial, that both the vector 
spaces cannot be considered to be subspaces of any three- 
dimensional or six-dimensional vector spaces, consisting 



of uniform objects. Moreover, it is evident, that the afBne 
space, defined in that way cannot be metrizable, when 
considering it to be a single whole. It means in turn, 
that the set of objects, given by ([5T|) are not vectors in 
usual algebraic meaning. Even Pythagorean theorem, for 
instance, cannot be used. 

It can be shown, that the system, analogous to (|47p . 
([iO|) . can be obtained for the second pair of 
EM-fields (photon fields in quantum case), which differ 
by parities of vector and scalar quantities, entering in 
equations, under time reversal. Really it is easily to see, 
that Maxwell equations along with dual transformation 
symmetry, established by Rainich, given by relations ([35)) 
- ([55)1 , are symmetric relatively the dual transformations 
of another kind of all the vecor and scalar quantities, 
characterizing EM-field, which, for instance, for electric 
and magnetic field strengh vector-functions can be pre- 
sented in the following matrix form 



(54) 



where i? is arbitrary continuous parameter, 'd £ [0,27r]. 
The relation (IMl) can be rewritten in the form 







cosh -d i sinh d 




■ E ' 


H" 




— isinhi? cosh-i? 




H 



' E" ' 




H" 





cos ii? sin id 
— sin id cos id 





■ E ' 




H 



(55) 



In particular, if d is polar angle of coordinate system 
in the plane, determined by E and H , the transforma- 
tions ()54p represent themselves hyperbolic rotations in 
{E. i/)-plane. Let us call the transformations ()54l) by 
hyperbolic dual transformations. It represents the inter- 
est to consider the following particular case of hyperbolic 
dual transformations. We can define parameter d accord- 
ing to relation 

V 

tanh?? = — =/?, (56) 
c 

where V is velocity of the frame of reference, moving 
along X-axis in 3D subspace of ^Ri Minkowski space. We 
can also to set up in conformity to the plane (x2,a;3) in 
Minkowski space, the plane (i?, H) , in which E, H are 
orthogonal and are directed along absciss and ordinate 
axes correspondingly (or vice versa). Then we obtain 



\E" 



\H'- 



\E\+m\ 
\H\-m 



(57) 



(or similar relations, in which E', H are interchanged by 
places). In vector form given transformations are 



E" 



H" 



E+\[Hx V] 
H -\[Ex V] 



(58) 
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Therefore it is seen, that E, H are transformed hke to 
Xq and Xi coordinates (or vice versa) of the space ^R^. 
It follows from here, that both the vectors E" , H" have 
t-even and t-uneven components in general case. We see 
also that Lorentz-invariance of Maxwell equations is par- 
ticular case of hyperbolic dual symmetry. It means, that 
restriction to only Lorentz-invariance in consideration of 
Maxwell equations' symmetry, which is usually used, con- 
stricts the concept on the EM-field itself and it is thereby 
constricting the possibilities for completeness of its prac- 
tical usage. Taking into account (jlj we obtain the rela- 
tions, which are similar to p7p . which can be rewritten 
in the similar to psp form, that is, we have 



(59) 



E" = E cos iiS — iE sin i§ 
H" = H cos id — iH sin it}. 



It is proof in general case, that each of two indepen- 
dent Maxwellian field components with even and uneven 
parities under space inversion is also compound and it 
consists of two independent components with even and 
uneven parities under time reversal. Then imposing des- 
ignations 



E cos id = , E sin id W 
H cos id = , H sin id = H^*^ 



(60) 



and considering the vector- functions (iJ^^l (r, t), iJ^^l (r, t)) 
and (i?[^l(r, t), H^^^{r,t)) to be definitional domain for 
the vector- functions E"{r,t), H"{r,t) correspondingly, 
the Maxwell equations for the components of the field 
(ijlil, ^[11) and {E^'^\ H^'^^) have the same form and they 
are 



V X (^[3l(f,<) -i^W(f,t)) 



Mo 



dt 



dt 



(61) 



3g [r,t)+ijg {r,t), 



Vx {H^^^{r,t)-iH^'^\r,t)) 



dEi^Ur,t) dE^'^Mr^t) 
— i- 



dt 



dt 



(62) 



^ j}^\r,t) - i3}'^\f,t), 



(V • {m (f, t) - ^m (f, t))) = pf (f, t) - (f, t), (63) 



(V.(i?[3l(f,t)-zi?W(f,i))) =p[fl(r,t)-ipW(f,t), (64) 

where je^^\r,t), j}^\r,t), jg^^\r,t), jg^'^\f,t) are, cor- 
respondingly, electric and magnetic current densities. 



p^e {f,t), p^e {r,t), pf\r,t), pf\r,t) are, correspond- 
ingly, electric and magnetic charge densities, which trans- 
formed and designated like to field strengths and cur- 
rents. In fact the system of equations (pTj) . ([5^. (|63p . 
((64)) represent itself corredtly integrated Maxwell equa- 
tions for two kinds of EM-fields (photon fields in quantum 
case), which differ by parities of vector and scalar quan- 
tities, entering equations, under time reversal. So, the 

components i?['^l(r, <), i7W(r, t), je {rjt) have uneven 
parity, i?W(r, i), H^^\f,t), je {r,t) have even parity, 
Pff' (r, t), p^g^ (r, t) are scalars, pf' (r, t), (r, t) are pseu- 
doscalars. In the case, when j"g{r,t) = 0, p"g{f,t) = 
we obtain the equations of usual singly charge electro- 
dynamics for two components of EM-field with various 
parities under space inversion, at that either of the two 
consist also of two components of EM-field with various 
parity under time reversal. 

It is easily to see, that invariants for EM-field, consist- 
ing of two hyperbolic dually symmetric parts, that is at 
d have the form, analogous to p9|) and they can be 
obtained, if parameter 9 to replace by id. They are 



E^ - H'^ + 2i{EH) 



mv. 



(65) 



Consequently, two real invariats at d ^ have the form 

(66) 



{E^ - i/2)g2^ ^ j^. ^ ^^^^ 

2{EH)e^^ =12" ^ inv. 



It follows from relation (|66p . that in both the cases, that 
is at d — and at fixed ?? ^ 0, we obtain in fact well 
known EM-field invariants, since factor e^'' at fixed d 
seems to be insufficient. At the same time at arbitrary d 
the relation 



— = -=W = ^nv 



(67) 



is taking place. It is seen, that the value of W is indepen- 
dent ond. It means physically, that the absolute values of 
both the vector-functions E{r, t) and (r, t) are changed 
synchronously by hyperbolic dual transformations. 

So, the usage of complex number theory allows to 
represent correctly the electrodynamics for two photon 
fields, which differs by parities under space inversion or 
time reversal by the same single system of generalized 
Maxwell equations. At the same time we have two re- 
lated sets, that is pairs of complex vector and scalar 
functions, which are ordered in their P- and t-parities. 
It corresponds to definition of quaternions. Really any 
quaternion number x can be determined according to re- 
lation 

X = {ai + ia2)e + {a^ + ia4)j, (68) 
where e i?,™ = 1,4 and e,i,j,k produce basis. 



9 



elements of which are satisfying the conditions 

(ij) = k, (ji) = -fc, (ki) = j, {ik) = -j, (69) 
(ei) = (ie) = i, (ej) = (je) = j, (ek) = (fee) k. 

Let us designate the quantities 

(^[11 (f, t) - ( - ^ (^[3] ^) „ -^[4] ^ 

iif,t) 

{j}^^ (r, t) - ij}'^^ {r, t)) + (il'^' (r, t) - ij}"^^ (r, t))i = 

t) 

(-Js^^' i^r. t) + ijg'^' (r, i)) + (-Jg'^' (f, + ijg'^' (f, t))j = 

(pW (f, t) - (f, t)) + (p[3l (f, _ ,p[4] ( . ^ 

(70) 



(pW (f, i) - zpl^l (f, t)) + (pl^'l (f, i) ~ zpW (f, t))j 
where 

^W(f,t),i?[2l(r-f),/J^l(f,t), 
/;'Vf,i),pW(f,t),pPl(f,i) 
are P-uneven, t-even, 

j;'^f,i),pri(f,t),pW(f,t) 

are P-uneven, t-uneven, 

m{r,t),m{r,t),j'}'\r,t), 

are P-even, i-even, 

^W(f,t),i?[3l(f,t),/e"'(r,i), 
/;'Vr,t),pW(f,t),pPl(r,0 



(71) 



(72) 



(73) 



(74) 



are P-even, i-uneven. According to definition of quater- 
nions e(f,t), ^(f,i), jc(r,i), jj,(r,t), Pc(^i), Pfl(r,t) are 
quaternions. It means, that EM-field has quaternion 
structure and dual and hyperbolic dual symmetry of 
Maxwell equations will take proper account, if all the 
vector and scalar quantities to represent in quaternion 
form. Consequently, we have 



V X (i£(f,t)) 



= -Mo 



dt 



-h{r,t), (75) 



V X {W,t)) 



= Co 



d(t{r, t) 
dt 



(V-(€(f,i)))=Pc(r,i), 



(V-(^(f,t)))-/,g(f,t) 



(76) 



(77) 



(78) 



Therefore, symmetry of Maxwell equations under dual 
transformations of both the kinds allows along with gen- 
eralization of Maxwell equations themselves to extend 
the field of application of Maxwell equations. It means 
also, that dual electrodynamics, developed by Tomilchick 
and co-authors, see for instance [1], obtains additional 
ground. Basic field equations in dual electrodynamics 
0, [3], being to be written separately for two type of 
independent photon fields with various parities under 
space inversion or time reversal, will be isomorphic to 
Maxwell equations in complex form. It was in fact shown 
partly earlier in [isj , 0] , where complex charge was taken 
into consideration. At the same time all aspect of dual 
symmetry, leading to four-component quaternion form of 
Maxwell equations seem to be representing for the first 
time. 



B. Cavity Dual Electrodynamics 

Let us find the conserving quantities, which correspond 
to dual and hyperbolic dual symmetries of Maxwell equa- 
tions. It seems to be interesing to realize given task on 
concrete practically essential example of cavity EM-field. 
At the same time to built the Lagrangian, which is ade- 
quate to given task it seems to be reazonable to solve the 
following concomitant task - to find dually symmetric so- 
lutions of Maxwell equations. It seems to be understand- 
able, that the general solutions of differential equations 
can also possess by the same symmetry, which have start- 
ing differential equations, nevetheless dual symmetry of 
the solutions of Maxwell equations was earlier not found. 



1. Classical Cavity EM-Field 

Suppose EM-field in volume rectangular cavity with- 
out any matter inside it and made up of perfectly elec- 
trically conducting walls. Suppose also, that the field is 
linearly polarized and without restriction of commonness 
let us choose the one of two possible polarization of EM- 
field electrical component E{r, t) along x-direction. Then 
the vector- function Ex{z,t)ex can be represented in well 
known form of Fourier sine series 



^W(r,t) = S,(z,Oex- 



^ A^qa{t) sin(fcaz) 



,Q = 1 



(79) 

where qa{t) is amplitude of a-th normal mode of the 
cavity, a & N , ka = an/L, Af = y/2iJ^jn^jVe^, 
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LOa = anc/ L is cavity length along z-axis, V is cavity 
volume, TOc is parameter, which is introduced to obtain 
the analogy with mechanical harmonic oscillator. Let us 
remember, that the expansion in Fourier series instead 
of Fourier integral expansion is determined by known 
diskretness of fc-space, which is the result of finiteness 
of cavity volume. Particular sine case of Fourier series is 
consequence of boundary conditions 



(80) 



which are held true for the perfect cavity considered. 
Here n is the normal to the surface S of the cavity. It is 
easily to show, that Ex{z,t) represents itself a standing 
wave along z-direction. 

Let us analyse the solutions of Maxwell equations for 
EM-field in a cavity in comparison with known solutions 
from the literature to pay the attention to some mathe- 
matical details, which have however substantial physical 
conclusions, allowing to extend our insight to EM-field 
nature. For given reasons, despite on analysis simplicity, 
we will produce the consideration in detail. 

Using the equation 



dE{z,t) 
'dt 



V X H{z,t) 



we obtain the expression for magnetic field 



E 



dt 



COs{kaZ) + fait) 



(81) 



s„ (82) 



where {fa{t)}, a G iV, is the set of arbitrary functions of 
the time. It is evident, that the expression for H{f, t) ((82)) 
is satisfying to boundary conditions (150]) . The partial 
solution, in which the functions {fa{t)} are identically 
zero, is always used in all the EM-field literature. How- 
ever even in given case it is evident, that the Maxwellian 
field is complex field. Really using the equation 



V X £; 



dB 
~dt 



Mo- 



'dt 



(83) 



it is easily to find the class of field functions {gct(t)}. 
They will satisfy to differential equations 



(fqJt) kl 



(84) 



Consequently, we have 

qc.it) = Ci^e"'-* + C2ae-'^-\a € TV, (85) 

where CiQ,,C2Q,a € N are arbitrary constants. Thus, 
real-valued free Maxwell field equations result in well 
known in the theory of differential equations situation 
- the solutions are complex- valued functions. It means, 
that generally the field functions for free Maxwellian field 
in the cavity produce complex space. So we obtain ad- 
ditional independent argument, that the known concep- 
tion, on the only real-quantity definiteness of EM-field, 



has to be corrected. On the other hand, the equation 
has also the only real- valued general solution, which 
can be represented in the form 



qait) = BaCOsiuJat + (f)a), 



(86) 



where Ba, (j) on u € TV are arbitrary constants. It is sub- 
stantial, that the functions in real- valued general solution 
have a definite t-parity. 

Thus, we come independently on the previous consider- 
ation in Sec. I and Sec. II, Subsec.A to the conclusion, that 
classical Maxwellian EM-field can be both real-quantity 
definited and complex-quantity definited. 

It is interesting, that there is the second physically 
substantial solution of Maxwell equations. Really, from 
general expression ([82l) for the field -ff (r, t) it is easily to 
obtain differential equations for {/a(t)}, a £ N, 



dfajt) 

dt 



" ka dt^ 



COsikaZ) 



—A^kaqait)cosikaz) = 0. 
Mo 



(87) 



The formal solution of given equations in general case is 



fait) = A^COsikaZ) 



ka 
^J■0 



qaiT)dT 



dqajt) ep 



Therefore, we have the second solution of Maxwell equa- 
tions for Hif,t) in the form 



mir,t)^ 



A^q'ait)cosikaz) ) ey, 



,Q=1 



(89) 



where Aa = a/ 2a;^mQ / V fx^ . Similar consideration gives 
the second solution for i?(r, t) 

^) = I E I (90) 



The functions q'ait) and q'^it) in relationships 
(PI) are 



9a (0 ^ '^"y qaiT)dT 




and 



(91) 



W« / q'a{T')dT' 




correspondingly. Owing to the fact, that the solutions 
have simple form of harmonic trigonometrical functions, 
the second solution for electric field differs from the first 
solution the only by sign, that is substantial, and by 
inessential integration constants. Integration constants 
can be taken into account by means of redefinition of 
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factor nia in field amplitudes. It is also evident, that if 
vector-functions E{f, t) and H{f, t) are the solutions of 
Maxwell equations, then vector-functions TE{f,t) and 
TH{f,t), where T is time inversion operator, are also 
the solutions of Maxwell equations. Moreover, if starting 
vector-function, to which operator T is applied is i-even, 
then there is i-uneven solution, for instance for magnetic 
component in the form 



T[tH{r,t)] 
t 



(92) 



where t is time. It can be shown in a similar way, that du- 
ally symmetric solutions, which arc P-even and P-uneven 
are also existing. 

Therefore, there are the solutions with various com- 
binations of the signs for vector-functions i?(r, t) and 
H(f,t), which are realized simultaneously, that is, their 
linear combination with coefficients from the field C of 
complex numbers will represent the solution of Cauchy 
problem for Maxwell equations in correspondence with 
known theorem, that the solution of Cauchy problem for 
any systems of homogeneous linear equations in partial 
derivatives exists and it is unique in the vicinity of any 
point of the initial surface (in the case, when the point se- 
lected is not characteristic point and the function, which 
determines given hypersurface is continuously differen- 
tiable). In other words, we obtain again the agreement 
with Maxwell equation symmetry consideration. Given 
property of EM-fied seems to be essential, since it per- 
mits passing for the processes, which seemingly are for- 
bidden by CPT-theorem. For example, let us consider 
the resonance system EM-field plus matter in the cavity, 
in particular, the so called dressed state of some quasi- 
particles' system. Suppose, that wave function can be 
factorized, matter part is P- and f-even under space and 
time inversion transformations, while EM-field part is P- 
uneven. CPT-invariance will be preserved, since EM-field 
has simultaneously with t-even the t-uneven component, 
determined by expression (1921) . Therefore t-parity of the 
function (/^(t) can be various, and in the case, if we choose 
t-parity to be identical to the parity of the function (t) , 
the solution will be different in the meaning, that the field 
vectors will have opposite i-parity in comparison with the 
first solution. It is evident, that boundary conditions are 
fullfilled for all the cases considered. 

To built the Lagrangian we can choose the following 
sets of EM-ficld functions {u^^^{x)}, s = l,2,a e N, 



{u^ (x)} = {y/eoA^ smka{x3)[qa{xi) ±iq^{xi)]} 

OJa dX4 

(93) 

The functions {u^^{x)},s = l,2,a e N are built from 
the components of the expansion in Fourier series of the 
fields ij[il(r,t),£;Pl(f,t) and H^'^\r,t),H^^\f,t) corre- 
spondingly. At the same time the sets {u^'^(a;)},s = 



1,2, a € N produce at fixed x two orthogonal countable 
bases, corresponding to s = 1,2 in two Hilbert spaces, 
which are formed by vectors il^^'^^ul'^ {x),U2^ (x), ...) 
for variable x € ^R^. Really scalar product of 
two arbitrary vectors ii^^'^\u'i^{xi),U2^{xi),...) and 
iX^j'^\ul'^{xj),U2^{xj), ...), that is 



(iipi(^0|ii'"^'(-.)> 



is equal to 



oo 

E 

a=l 



{xi^i, z)u''^^ (x^^j , z)dz, s = 1, 2, 



(94) 



(95) 



that means, that it is restricted, since the sum over s 
represents the energy of the field in restricted volume. 
Consequently, the norm of vectors can be defined by the 
relationship 



Hit 



{x)\\ = ^(il[«-±l(x) |ii[^'±l(a;)) 



(96) 



1,2. 



Then vector distance is 

d{li^'^^\x,),ii^''^\x,)) ||il[^^±l(x,)-il[^^±l(a;,)||. (97) 

So we obtain, that the vectors {il''*'^! (x)}, x e ^R^ 
produce the space L2 and taking into account the Riss- 
Fishcr theorem it means, that given vector space is com- 
plete, that in its turn means, that the spaces of vectors 
{ii^''^\x)}, X e ^R4,s = 1,2, are Hilbert spaces. Con- 
sequently Lagrangian L{x) can be represented in the fol- 
lowing form 



s— 1 a — 1 

4 00 



s,± 



(x) du*J^^ix) 



dXn 



dXn 



(98) 



EEE^(^)<'^(^)": 



where K{x) is factor, depending on the set of variables 

X = {xt,},^l = T74. 

Let us find the conserving quantity, corresponding to 
dual symmetry of Maxwell equations. Dual transforma- 
tion, determined by relation p6l) is the transformation 
the only in the space of field three-dimensional vector- 
functions E, H , (let us designate it by [E, _ff )-space) and 
it does not touch upon the coordinates. It seems to be 
conveniet to define in given space the reference frame, 
then the transformation, given by p6p is the rotation of 
two component matrix vector-function 



IPII 



E 
H 



(99) 
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Instead of two Hilbert space for two sets of vectors 

we can also define one 
Hilbert space for row matrix vector function set 

= { } (100) 

with the set of components 

{||[/„(x)||} = {K±(x)u2.±(^)]}, (101) 

where a € N. In general case instead parameter we 
can define rotation angles 9ik, i,k = 1,3 in 2D-planes 
of (i?, H) functional space. It is evident, that Oik are 
antisymmetric under the indices i, fc = 1,3. According to 
Nother theorem, the conserving quantity, corresponding 
to parameters Oik in dual transformations (1361) , that is at 
Oik = 0i2 is determined by relations like to (IT^ and (1^01) . 
So, we obtain 



= [ 



E 



dL 



{did,\\U*\\) 



\YJ]+c.c., 



(102) 



where /x = 1,4 and it was taken into account, that ||^q|| 
in matrix relation (|102p . which is like to (|19l) is equal to 



zero. The factor 



dL 



dL 
9(9^11 (7; II) 



in (|102p is row matrix 



dL 



dL 



di 



-)d{ 



-) 



(103) 



matrix 11^^11 is product of matrices |1/q|| and ||C/Q(a::)||, 
that is 



lYj = \\Ia\ 



,2± 



(104) 



where is the matrix, which corresponds to infinites- 
imal operator of dual or hyperbolic dual transformations 
of a-th mode of cavity EM-field. It represents in general 
case the product of three matrices, corresponding to rota- 
tion along three mutually perpendicular axes in 3D func- 
tional space above defined. So |1/q|| = 
The transformations in the form, which is given by 
([55)) correspond to O23 = 0, O12 = 0,^31 = 0, that is 
||/2|| ^ ||j3|j ^ ^Yieie E is unit [2 x 2]-matrix. In 
the absence of dispersive medium in the cavity ||/q|| will 
be independent on a. Moreover, it is easily to see, that 
infinitesimal operator with matrix ||/a|| is the same for 
dual transformations, determined by (|36p and hyperbolic 
dual transformations, determined by ([51)) . Really \\Ia\\ 
in both the cases is 



1 

-1 



(105) 



for any a G N. 

Conserving quantity is 



{[ 



dL 



{did^imi 



\Ya,\\]+c.c.}d^x (106) 



The structure of 11061 unambiguously indicates, that it 
is the component of spin tensor [l3|) to which dual 
vector component can be set in the correspondence ac- 
cording to relation 



dL 



cj ''^^did^\\u*\\) 



\\Yc,\\]jk + c.c.}(fx, 



(107) 



where e^fe is completely antisymmetric Levi-Civita 3- 
tensor. 

Therefore we obtain, that the same physical conserving 
quantity corresponds to dual and hyperbolic dual sym- 
metry of Maxwell equations. Taking into account the 
expressions for Lagrangian ([98p and for infinitesimal op- 
erator (jlOSp . in the geometry choosed, when vector E 
is directed along absciss axis, vector H is directed along 
ordinate axis in (E, H) funktional space, we have 



= E[ 



dv^ 
dx,. 



,2± 



du 



*,2± 



dx,. 



-ui"^] + c.c. 



(108) 



and 



C.4 
-^3 



£312'5'i2 



{[ 



dL 



\U* 



\Ya\\] + C.C.}(fx, 

(109) 

It is projection of spin on the propagation direction. 
Therefore we have in given case right away physically 
significant quantity - spirality. 

The relations ([ife)) . ([T07| . ([TO8)) . ([T09)) show, that spin 
of classical relativistic EM-field in the cavity and, cor- 
respondingly, spirality are additive quantities and they 
represent the sum of cavity spin and spirality modes. 
On the connection of the conserving quantity, which is 
invariant of dual symmetry with spin was indicated in 
3, where free EM-field was considered with traditional 
Lagrangian, which uses vector potentials to be field func- 
tions. The result obtained together with aforecited result 
in Q lift dilemma on the necessity of using of given quan- 
tity by consideration of classical EM-field. Really, the 
situation was to some extent paradoxical, and it can be 
displayed by the following conversation between two dis- 
putant physicists. "Spin exists" - has insisted the first, re- 
ferring on the appearance of additional tensor component 
in total tensor of moment - intrinsic moment - to be con- 
sequence of Minkowsky space symmetry under Lorentz 
transformations, "Spin does not exists" - has insisted the 
second, referring on the metrized tensor of the moment, 
in which spin part is equal to zero 2] in distinction from 
canonical tensor. In other words, both disputants were 
in one's own way right. Dual symmetry leads to unam- 
biguous conclusion " Spin exists" and has to be taken into 
consideration by the solution of tasks, concerning both 
classical and quantum electrodynamics. Moreover spin 
takes on special leading significance among the physical 
characteristics of EM-field, since the only spin (spirality 
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in the simplest case above considered) combine two sub- 
systems of photon fields, that is the subsystem of two 
fields, which have definite P-parity (even and uneven) 
with the subsystem of two fields, which have definite t- 
parity (also even and uneven) into one system. In fact 
we obtain the proof for four component structure of EM- 
field to be a single whole, that is confirmation along with 
the possibility of the representation of EM-field in four 
component quaternion form, given by ([75)) . d76t . (iTTt . 
([75)) . the necessity of given representation. It extends 
the overview on the nature of EM-field itself. It seems 
to be remarkable, that given result on the special leading 
significance of spin is in agreement with result in [l^ . 
where was shown, that spin is quaternion vector of the 
state in Hilbert space, defined under ring of quaternions, 
of any quantum system (in the frame of the chain model 
considered) interacting with EM-field. 

It is interesting, that the charge und currents, being 
to be the components of 4-vector, which are transformed 
by corresponding representation of Lorentz group, are in- 
variants of hyperbolic dual transformations, that is, they 
are also Lorentz invariants, if to take into account, that 
Lorentz transformations are particular case of hyperbolic 
dual transformations. It is seen immediately from the 
expressions for 4-current and it means, that observers in 
various inertial frames will register the same value of the 
charge in correspondence with conclusion in [3J . It is con- 
nected with invariance of Lagrange equations and equa- 
tions charge by multiplication of field functions on arbi- 
trary complex number, established in Sec.l, since by hy- 
perbolic dual transformations the multiplication of field 
functions on some complex number takes place. 



So, taking into consideration the relationship for 
Hamihonian n^^\t) we set in correspondence to canoni- 
cal variables qa{t),pa{t), determined by the first partial 
solution of Maxwell equations, the operators by usual 
way 



[Pa{t),qi3{t)] = ihSap 



(111) 



where a, /3 € N. Introducing the operator functions of 
time aa(t) and a^{t) 



aa{t) 



[iTiaUJaqait) + ipa{t)] 



y' ZnulaLiJa 

we obtain the operator functions of canonical variables 
in the form 



Pa{t) = i 



hnio 



(113) 



Then EM-field operator functions are obtained right 
away and they are 



Eir,t) - {J2 \I^Hit) + ao.{t)] sin(/c„z)}e 



Ve, 



(114) 



2. Quantized Cavity EM-Field 

The quantization of EM-field was proposed for the first 
time still at the earliest stage of quantum physics |15i] . At 
the same time tcorrespondence to each mode of radiation 
field the quantized harmonic oscillator, was proposed for 
the first time by Dirac jlS] and it is widely used in QED 
including quantum optics [T7| . it is canonical quantiza- 
tion. EM-field potentials are used to be field functions 
by canonical quantization. At the same time to describe 
free EM-field it is sufficient to choose immediately the ob- 
servable quantities - vector-functions E{r, t) and H{f, t) 
- to be field functions. We use further given idea by 
EM-field quantization. We can start like to canonical 
quantization, from classical Hamiltonian, which for the 
first partial classical solution of Maxwell equations is 



hhJn 



H{r,t) = i{Y^ J [a+(i) - a„(t)] cos(/caz)}e;, 

OL — \ V 

(115) 

Taking into account the relationships (|114p . (IllSp and 
Maxwell equations, it is easily to find an explicit form for 
the dependencies of operator functions hait) and a^(t^ 
on the time. They arc 



aQ(i) — o,a(^ — 0)e^ 



(116) 



where a^{t = 0),aQ(t = 0) are constant, complex- valued 
in general case, operators. 

It seems to be essential, that complex exponential de- 
pendencies in (|116p cannot be replaced by the real- valued 
harmonic trigonometrical functions. Really, if to suggest, 
that 



= ^ /// [eoi?^(z,i)+/ioi?^'(^,i)] dxdydz 



^ OO 



(V) 



pUt) 



, Pa = mo 



dqa jt) 

' dt ' 



(110) 



a+(t) = a+(t = 0) cos ujat, 



(117) 



then we obtain, that the following relation has to be tak- 
ing place 

[^ait = 0)-da{t = 0)]-'^[a+{t = 0)+a„(t = 0)] = tanw^i. 

(118) 
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We see, that left-hand side in relation (|118l) does not de- 
pend on time, right-hand side is depending. The contra- 
diction obtained establishes an assertion. Therefore, the 
quantized Maxwellian EM-field is complex-valued field 
in full correspondence with pure algebraic conclusion in 
Sec.I. 

Consequently, there is difference between classical and 
quantized EM-fields, since classical EM-field can be de- 
termined by both complex-valued and real-valued func- 
tions. The fields E^'^\r,t), H^'^\'r,t) can be quantized in 
much the same way. The operators a"a(t), a"'^{t) are 
introduced analogously to ()112|) . 



1 



a"+(t) = ^ [m^uj^q\it) - ip\{t)] 

\/ ZnniaUJa 

For the field function operators we obtain 



(119) 



{ 



£1=1 



a"^{t) + a" ait) sin(fcQ,z)}e 



(120) 



{E\/^(-*) cos(fc«^)}e2. 

In accordance with definition of complex quantities we 
can built the following combination of solutions, satisfy- 
ing Maxwell equtions 

{3^\r,t),E^'^\r,t)) 3^\r,t) + i3'^\r,t) ^ E{r,t), 

(122) 

(i?[2l(f,i),i?[il(f,i)) ^ H^^\r,t)+iH^^\r,t) = H{r,t). 

(123) 

Consequently, the electric and magnetic field operators 
for quantized EM-field, corresponding to general solution 
of Maxwell equations, are 



mt) = {Y.J^{[at{t)+aa{t)\ 

OL — l 



(124) 



and 



Hm^{Y,\ip^{K{t)-a^{t)\ 
t^i V '^^o 



(125) 



It is substantial, that both field operators E{r,t) and 
H(f,t) are Hermitian operators. 



3. Cavity 4- currents 

It represents the interest to calculate the 4-currents 
for given task. Let us place all the vector-functions in 
pairs in accordance with their parity. Then we have the 
following pairs 

[m (f, t), (^-^ t)), [m (f, t),m (r, t)) (126) 

in which both the i?- vectors and i7- vectors have the same 
space parity (polar and axial correspondingly) and differ 
each other by t-parity, t-even and t-uneven in accordance 
with their numbers in pairs. It means, that they trasform 
like to xa and xi coordinates in ^i?4. In a similar man- 
ner can be set the vector-functions with opposite to the 
vector-functions in (I126P space parity 

[m (f , t) , m (f, t) ) , {m (f, t) ,m{f,t)). (127) 

Then taking into account the definition of complex quan- 
tities to be pair of real defined quantities, taken in fixed 
order, we come in a natural way once again to concept 
of complex vector-functions, which describe Maxwellian 
EM-field equations. In other words, we have in fact the 
quantities 



and 



E^'Hr,t)+i3^\r,t)=E,,pir,t), 
t) + im (f, t) = H,^a{r, t), 

m{r,t) + im{r,t)^E,.a{r,t), 



(128) 



(129) 



where complex plane put in correspondence to (y, z) real 
plane, subscripts a and p mean axial and polar respec- 
tively. It seems to be convenient to determine the space of 
EM-field vector-functions under the ring of quaternions 
with another basis in comparison with basis, given by 
We will use now the quaternion basis {e^}, i = 0, 3 
with algebraic operations between elements, satisfying to 
relationships 

(130) 

where e.^fe is completely antisymmetric Levi-Chivita 3- 
tensor. 

Let us define the vector biquaternion 

$ = (^[11 + i?[2l) + + ^[2])^ (131) 

which can be represented to be the sum of the biquater- 
nions 



$ = F + F, 



(132) 



where F = B^^+i{H^^\F = H^^^ +iE^^\ Then MaxweU 
equations for instance for two free photon fields with dif- 
ferent t-parity are 



V$ = 0. 



(133) 
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The generalized Maxwell equations in quaternion form 
with quaternion basis, given by (j69p . can also be rewrit- 
ten in fully quaternion form, if to use both the bases. It 
seems to be consequence of independence of basis defini- 
tion for both the quaternion forms. 

It is evident, that 



(134) 



where subscript ± corresponds to two possibilities for 
definition of complex vector-functions. Along with rela- 
tionships (|128l) . (|129p they can be defined by the change 
of addition sign in (|128p . (I129p to opposite. The quantity 
j^^j.(x) is well known quantity, and it is determined by 



dL{x) 



le X ^ X ^ 



dL{x) 



(135) 



where L{x) is Lagrange function and uli'^{x),s = 1,2 are 
Ua^{x) = \/eo^f sin ka{x3,)[qa{xi) ± iq^{xi)] 



1 dqa{xi) 



UJa dXA 



(136) 



The functions u^'='=(a;),s = 1,2, a G N are built from 
the components of the expansion in Fourier series of the 
fields E^^\f,t),3^\f,t) and H^^\r,t), H^^'i{f,t) corre- 
spondingly. 

(2) 

To determine the current density j_ {x) we have to 
take into consideration, that gauge symmetry group of 
EM-field is two-parametric group r(a, /3) — Ui{a) (g) 
9l(/3), where fH(/3) is abelian multiplicative group of real 
numbers (excluding zero). It leads also to existence for 
EM-field of complex 4-current densities including com- 
plex charge density component. Since the current density 

jl!±(a;) is 



00 2 



dL{x) 



d{df^ut;^{x)) 



<^ix) 



le 

he 



EE 



dd u'-'^ix) 



It can be easily shown, that j3^{r,t) is always equal 
to zero for any set of twice continuously differentiable 
functions {^^(i)},^ G N. The expression for arbi- 
trary set of twice continuously differentiable functions 



{q^{t)},a eN, for jl^{r,t)i 
2ie 



{ 



mciUJ^ sin2fco 



a—l 
t t" 



i\qa{t) ± iuj^ J J qa{t')dt'dt"\ 




(138) 



J qa{t')dt' =F 



i dqgjt) 

(jJa dt 



}■ 



The relationship ()138p is true for both the variants in 
superposition 

m (f, t) + im (f, t) = (f, t),i^ j, i, j = i, 2. 

(139) 

Taking into account relationship (1551) . that is the set 
{qa{t)},a e N, which satisfy the Maxwell equations we 
will have 



8ie 
' fu9V 



rUaUj^ sin2fcQ 



zx 



1=1 



(140) 



[OlQ02ae +'^ia'^2ae J, 

the expression for arbitrary set of twice continuously dif- 
ferentiable functions {qa{t)},a G N, for jl'^{r,t) is 



2e 



mQa;^{sin^ ka 



zx 



a=l 



^T.^]b.(t)±.:(.)] 

dqajt) . dqljt) 

±« —\\~qc[t)±qc (t)\ 



dt dt 

- COS^ kaZ 



1 dqa{t) 



dt^ 
t 



±ia;ag*(i)]x 



(141) 



dt 



Ti^^a J Qait'dt'] 



-ld^q„{t) 



dt^ 



± iu)aqa{t)] X 



t t" 



(137) where q^^t) ~ J J qa{t')dt' dt" . It is evident from re- 



lationship (|14ip . that in the case of real- valued sets of 
twice continuously differentiable functions {qa{ty\,oi £ 
N, jl'^{r,t) is equal to zero. For complex- valued func- 
tions, determined by (|85p. we will have 



8ie 
hc^V 



(142) 



a=l 
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It is seen from (|142p . that jl'^{f,t) in the case of 
Maxwehian EM-field is constant, which is equal to zero 
at \Cia\ = \C2a\, that is for all real- valued functions and 
for complex-valued functions {qa{t)}, a € N, which differ 
each other by arguments of constants Cia and C2a- 



2c ^ ^ , 2 "27 ^/i /\i2\ 

2_^{maUJ^sm kaZ — [\qa[t)\ )- 



hc^v 



a=l 



/ ho.{t')dt'dt"\^)T^Aqo,{t) I I ql{t')dt'dt"] 



t t" 
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dt' 



dt 
t t" 











t t" 



y.iujl±—[ql{t) I I qait')dt'dt"]iujl + maUjlcos^kaZ 



dt dt 

t 



T.^(^^^ 



(143) 



For complex- valued functions, determined by (jSSp . we 
obtain 



zx 



2 ± / ^ , Old ■r-^ o 

a — l 

It can be shown, that continuity equation 



(144) 



dXn 



= 



(145) 



is fulfilled for both general case and for Maxwellian EM- 
ficld functions considered. 



III. CONCLUSIONS 

It is shown on the basis of complex number theory, 
that any quantumphysical quantity is complex quantity. 

Additional gauge invariance of complex relativistic 
fields was found. It is based on invariance of general- 
ized relativistic equations under the operations of addi- 
tional gauge symmetry group - multiplicative group £H 
of all real numbers (without zero) and leads to appear- 
ance of purely imaginary component of charge. So, it was 
shown, that complex fields are characterized by complex 
charges. It gives key for correct generalization of field 
equations, in particular for electrodynamics. In appli- 
cation to EM-field it means that two-parametric group 
T{a, j3) = Ui{a) ® 9l(/3) determines the gauge symmetry 
of EM-field and that free real EM-field is characterized 
by purely imaginary charge. 



" E" ' 




cosh 1? i sinh d 




■ E ' 


H" 




— isinh?9 cosh?9 




H 



Additional hyperbolic dual symmetry of Maxwell equa- 
tions is established, which includes Lorentz-invariance to 
be its particular case. The essence of additional hyper- 
bolic dual symmetry of Maxwell equations is that, that 
Maxwell equations along with dual transformation sym- 
metry, established by Rainich, given by ([35]) - ([38]). are 
symmetric relatively the dual transformations of another 
kind. Hyperbolic dual transformations for electric and 
magnetic field strengh vector functions are 



(146) 



where ■& is arbitrary continuous parameter, d g [0, 27r]. 

Generalized Maxwell equations are obtained on the 
basis of both dual and hyperbolic dual symmetries of 
EM-field. It is shown, that in general case both scalar 
and vector quantities, entering equations, are quaternion 
quantities, four components of which have different par- 
ities under improper rotations. 

Invariants for EM-field, consisting of dually symmetric 
parts, for both the cases of dual symmetry and hyperbolic 
dual symmetry are found. It is concluded, that Maxwell 
equations with all quaternion vector and scalar variables 
give concrete connection between dual and gauge sym- 
metries of EM-field. 

The example of free classical and quantized cavity EM- 
field is considered. It is shown, that the same physical 
conserving quantity corresponds to both dual and hyper- 
bolic dual symmetry of Maxwell equations. It is spin in 
general case and spirality in the geometry choosed, when 
vector E is directed along absciss axis, H is directed along 
ordinate axis in (E, H) functional space. Spin takes on 
special leading significance among the physical charac- 
teristics of EM-field, since the only spin (spirality in the 
geometry considered) combine two subsystems of photon 
fields, which have definite P-parity (even and uneven) 
with the subsystem of two fields, which have definite t- 
parity (also even and uneven) into one system. It is con- 
sidered to be the proof for four component structure of 
EM-field to be a single whole, that is, it is the confir- 
mation along with the possibility of the representation 
of EM-field in four component quaternion form, given by 
([75)) . ((7S|) . (1771) . ([75)) . the necessity of given representa- 
tion. It extends the overview on the nature of EM-field 
itself. It seems to be remarkable, that given result on the 
special leading significance of spin is in agreement with 
result in p^ . where was shown, that spin is quaternion 
vector of the state in Hilbert space, defined under ring of 
quaternions, of any quantum system (in the frame of the 
chain model considered) interacting with EM-field. 

New principle of EM-field quantization, which is 
based on choosing of immediately observable quantities 
- vector-functions E{f, t) and H{f, t) - to be field func- 
tions, is proposed. It is found, that quantized Maxwellian 
EM-field is the only complex-valued field. Consequently, 
there is difference between classical and quantized EM- 
fields, since classical EM-field can be determined by both 
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complex-valued and real-valued functions. 
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It has been shown, that electromagnetic field (EM) has in general case quaternion structure, 
consisting of four independent fields, which differ each other by the parities under space inversion 
and time reversal. It follows immediately from Rainich dual symmetry of Maxwell equations and 
additional hyperbolic dual symmetry, established in given work. It has also been shown, that for 
any complex relativistic field the gauge invariant conserving quantity is two-component scalar or 
pseudoscalar value - complex charge. It means in applicability to EM-field, that its gauge symmetry 
group is determined by two-parametric group T{a,P) = Ui{a) ® $H(/9), where SH(/3) is abelian 
multiplicative group of real numbers (excluding zero) . Generalized Maxwell equations for quaternion 
four-component EM-field are obtained on the basis of its both dual and hyperbolic dual symmetries. 
Invariants for EM-field, consisting of dually symmetric parts, for both the cases of dual symmetry 
are found. It is shown, that the only one physical conserving quantity corresponds to both dual 
and hyperbolic dual symmetry of Maxwell equations. It is spin in general case and spirality in the 
geometry, when vector E is directed along absciss axis, H is directed along ordinate axis in [E, H) 
functional space. In fact it is the proof for quaternion four component structure of EM-field to be 
a single whole, that is confirmation along with the possibility of the representation of EM-field in 
four component quaternion form the necessity of given representation. It extends the overview on 
the nature of EM-field itself. Canonical Dirac quantization method is developed in two aspects. 
The first aspect is the application of Dirac quantization method the only to observable quantities. 
The second aspect is the realization along with well known time-local quantization of space-local 
quantization and space-time-local quantization, which allow to establish correspondingly the time 
of photon creation (annihilation), the space coordinate of photon creation (annihilation) and the 
the space and time coordinates simultaneously of photon creation (annihilation). It is shown, that 
Coulomb field can be quantized in ID and 2D systems, that is it is radiation field in given low- 
dimensional systems. 

PACS numbers: 42.50.Ct, 61.46.Fg, 73.22.-f, 78.67.Ch, 71.10.Li, 73.20.Mf, 63.22.-fm 



I. INTRODUCTION AND BACKGROUND 

A. Matrix Algebra of Complex Numbers and its 
some Consequences for Quantum Theory 

Let us summarize some useful results from algebra of 
the complex numbers. The numbers 1 and i are usually 
used to be basis of the linear space of complex numbers 
over the field of real numbers. At the same time to any 
complex number a + ib can be set up in conformity the 
[2 X 2]-matrix according to biective mapping / 



f : a + ib 



a —b 
b a 



(1) 



The matrices 



1 and negative —1 can be set up in conformity the [2 x 2]- 
matrices according to biective mapping s 



' 1 
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,-1 


■ 


1 " 
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1 






(3) 



which allows to recreate the operations with negative 
numbers without recourse of negative numbers them- 
selves. Consequently, in accordance with mapping the 
following [4 X 4]-matrices, so called [0,l]-matrices, can be 
basis of complex numbers 
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'0 -1" 
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(2) 



produce basis for complex numbers {a + ib}, a,b R 
in the linear space of [2 x 2]-matrices, defined over the 
field of real numbers. It is convenient often to define the 
space of complex numbers over the group of real positive 
numbers, then the dimensionality of the matrices and 
basis has to be duplicated, since to two unities - positive 
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The choise of basis is ambiguous. Any four [4 x 4] [0,1] 
matrices, which satisfy the rules of cychc recurrence 
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(6) 



can be basis of complex numbers. In particular, the fol- 
lowing [4 X 4] [0,l]-matrices 
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(7) 



can also be basis of complex numbers. Naturally, the 
set of [0,1] -matrices, given by ([7]) is isomorphous to the 
set, which is given by (jlj. It is evident, that the sys- 
tem of complex numbers can be constructed by infinite 
number of the ways, at that cyclic basis can consist of m 
units, m G N, starting from three. It is remarkable, that 
the conformity between complex numbers and matrices 
is realized by biective mappings. It means, that there 
is also to be existsting the inverse mapping, by means 
of which to any squarte matrix, belonging to the linear 
space with a basis given by (j4]), or ([7]), or any other, sat- 
isfuing the rules of cyclic recurrence like to can be 
set up in conformity the complex number. In particular 
to any Hermitian matrix H can be set up in conformity 
the complex number in correspondence with mapping ^ 



S -A 
A S 



(8) 



where S and A are symmetric and antisymmetric parts 
of Hermitian matrix. Given short consideration allows to 
formulate the following statements. 

1. Quantized free EM- field is complex field in general 
case. 

Proof is evident and it is based on ([5]), if to take into 
account, that quantized free EM-field can be determined 

by Hermitian operators E(r,t) and H{f,t), representing 
themselves the full set of quantized free EM-field operator 
vector-functions, that is, they can serve for basis in cor- 
responding operator vector-functional space (see Sec. II). 
Given statement can be generalized. 

2. Any quantumphysical quantity is complex quantity in 
general case. 



Proof is evident and it is based on the same relation- 
ship, since any quantumphysical quantity is determined 
by Hermitian operator. Therefore, two sets of observ- 
ables, which are determined by real functions, corre- 
spond to any quantumphysical operator quantity in gen- 
eral case. 



Additional gauge invariance of complex 
relativistic fields 



We will argue in the next Section, that EM-field in the 
matter can be considered in general case to be complex 
field, each component in which is also complex field, that 
is, it has quaternion nature. In given Section we will 
prove the idea, that for any complex field the conserved 
quantity, corresponding to its gauge symmetry, that is 
charge, can be in general case also complex. 

Let u{x) = {ui{x) }, i = l,n, the set of the functions 
of some complex relativistic field, that is, scalar, vector 
or spinor field, given in some space of Lorentz group rep- 
resentations. It is well known, that Lagrange equations 
for any complex relativistic field can be represented in 
the form of one matrix relativistic differential equation of 
the first order in partial derivatives, that is in the form 
of so called generalized relativistic equation, and anal- 
ogous equation for the field with Hermitian conjugated 
(complex conjugated in the case of scalar fields) functions 
u^{x) = { u^(x) } . The equation for the set u{x) of field 
functions is 



(a^9^ + KaQ)u{x) = 0. 



(9) 



Similar equation for the field with Hermitian conju- 
gated (complex conjugated in the case of scalar fields) 
functions, that is for the functions u^{x) ~ {u'^{x) }, 
i = l,n, is 



dfj_u'^ {x)a^ + Ku^{x)aQ — 0. 



(10) 



In equations ((9l llOp a^, ao are matrices with constant 
numerical elements. They have an order, which coincides 
with dimension of corresponding space of Lorentz group 
representation, realized by {ui(a;)}, i = l,n. In partic- 
ular, they are [n x n]- matrices, if {ui{x) }, i = l,n are 
scalar functions. It is evident, that the transformation 



u'{x) = j3exp{ia)u{x), 



(11) 



where a, P € R, and analogous transformation for Hermi- 
tian conjugate functions (or complex conjugate functions 
in the case of scalar fields) 



,'+ 



(x) = (3exp{--ia)u~^ (x) 



(12) 



keep Lagrange equations (|91 101) to be invariant. It is 
understandable that transformation of field functions by 
relationships (ITT|) . is equivalent to multiplication of 
field functions by arbitrary complex number. It is well 
known, that given linear transformation is the simplest 
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example of isomorphism of corresponding linear space, 
which is given over the field of complex numbers, onto 
itself, that is, in the case considered the relationships 
(|lll 12p give automorphism of the space of field functions. 
Automorphism of any linear space leads to some useful 
properties of the objects, which belong to given space. 
For instance, if to set up in a correspondence to the 
space of field function the affine space, then conservation 
laws of collinearity of the points and of simple relation 
of the triple of collinear points will be fulfilled by auto- 
morphism in given affine space. Consequently, we have 
to expect the physical consequences of given algebraic 
property in the case of physical spaces. Conformably to 
the case considered we have in fact gauge transformation 
of field functions, which is more general in comparison 
with usually used. The set {(3exp{—ia) for all possible a, 
P £ R produces the group F, which is direct product of 
known symmetry group Ui, and multiplicative group 9^ 
of all real numbers (without zero) . Therefore, in the case 
considered the symmetry group of given complex field 
acquires additional parameter. So, we will have 

F(a,;3) = ?7i(a)(g)in(/3) (13) 

Let us find the irreducible representations of the group 
$H(/3). It has to be taken into account, that the group 
£H(/3) is abelian group and its irreducible representations 
T($H) are onedimensional. So, the mapping 

T : $n ^ r(fH) (14) 

is isomorphism, where T(l) = 1. Therefore, for V(/3, 7) of 
pair of elements of group 5H(/3) the following relationship 
takes place 

T(/3,7) = r(/?)T(7). (15) 

Then, it is easy to show, that 

T(/3) = /3w(i). (16) 

The value §^(1) can be obtained from the condition 

T(-/3) = ~T{P). (17) 

Consequently, we have 

r(/3) = /32fc+i = exp[{2k + l)/n/3], (18) 

where k G N. Then irreducible representations of the 
group F(a, /3) represent direct product of irreducible rep- 
resentations of the groups Ui{a) and ?l(/3) 

T{Ui{a)) (g) T{D\{I3)) = exp{~ima)exp[{2k + l)ln(3], 

(19) 

where m,k = 0, ±1, ±2, ... . 

It is clear, that some conserved quantity has to cor- 
respond to gauge symmetry of the field, which is deter- 
mined by the group ?l(/3). Thus we arrive at a formula- 
tion of the following statement. 



3. Conserving quantity - complex charge, which is in- 
variant under total gauge transformations, corresponds 
to any complex relativistic field (scalar, vector, spinor). 

Proof. 

Really, since generalized relativistic equations are in- 
variant under transfomations (|lll 12p and variation of ac- 
tion integral with starting Lagrangian is equal to zero, 
then variation of action integral with transformed La- 
grangian in accordance with (1111 121) will also be zero. 
Consequently, all the conditions of applicability of Nother 
theorem, by proof of which the only invariance under La- 
grange equations is sufficient, [l|, are held true. We wish 
to pay attention to typical inaccuracy, which is abundant 
in the literature, consisting in that, that for applicabil- 
ity of Nother theorem the Lagrangian invariance under 
corresponding symmetry transformations is required. At 
the same time the only invariance of Lagrange equations 
under corresponding symmetry transformations, which 
certainly takes place in given case, is necessary (see proof 
of Nother theorem). According to Nother theorem, the 
conserved quantity, corresponding to u — th parameter 
(i' — 1, fc) by invariance of field under some fc-parametric 
symmetry group, is (see, for instance, 0). 

Qu{cr) = J 0^i,da^, = const, (20) 

where a is any spacelike hypersurface, a C ^Ri and 4- 
tensor 9^^^, is determined by relation 

dL 

= -^77: z[dpUiXp,^ — Yiy] — LXpy, (21) 

in which L is field Lagrangian and the matrices Xpi, , Yii, 
are determined by matrix representations ||(/i/)p v\\ and 
||(>/i/)ife|| of infinitesimal operators of symmetry group in 
coordinate space and in the space of field functions re- 
spectively in accordance with the following relationships 

X pi/ {-^ 1^) pa a T ^iu {Ji')ik'^k- (^^) 

Since the value of integral in ([20]) does not depend on 
the choose of spacelike hypersurface, then usually the 
hypersurface, which is orthogonal immediately to time 
axis is used. By given choose 4- vector da^, representing 
itself infinitesimal element of spacelike hypersurface, is 
{d<7p} — {0, 0, 0, (i(T4}, where da^ — —id^x. Then the 
expression (l20t gets the form 

Qi/(o'4) ~ ~^ J ^41''^'^^ — const, (23) 

where the conservation of the quantity Qiy^a^) in time is 
represented in explicit form, since the time can be unam- 
biguously set in the correspondence to hypersurface 174 
(see ^2]). 

In the case of the invariance of the action variation 
under gauge symmetry group ?l(/3) the values Xp^, = 
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(gauge transformations do not touch upon the coordi- 
nates), and, since the group is oneparametric, 4- 
tensor O^i, — 9^^ = 6^, that is, it represents 4- vector. 
Then taking into account, that in given case matrix 
v\\ of infinitesimal operator = I represents it- 
self real number / = 1, we obtain for 4- vector 9^ the 
following expression 



dL 



-Ui 



dL 



d{d^Ui) d{d^u*) 



(24) 



Components of 4- vector 9^, which can be identified with 

' [21 

additional 4-vector of charge-current density 9^ = = 
ij]f^ , where j|f is 



dL 



dL 



satisiy to continuity equation 



(25) 



(26) 



which represents itself the conservation law for 4-vector 

'[21 . . 

jfl in differential form. It distincts from known 4-vector 
of charge-current density ( see [2j), which is reasonable 

to redesignate to be jll^ , and which is 



dL 



dL 



d{df,u.i) d{df,u*) 



(27) 



by the factor i and by sign of the first item. It means, 
that any complex field is characterized by total 4-vector 
j^, which is complex and can be represented in the form 



(28) 



We see, that both real 4- vector-functions of the complex 
4-current vector are differ each other the only by sign 
of the first item. 

Conserving quantity, corresponding to ([M)) . that is 
imaginary component of the charge, is equal to 



Q 



[2] 



iQ 



2] 



(29) 



Consequently Q is determined by relationship 



'[2] _ 



dL 



dL 



d{diUi 



didiu* 



-u*](fx. (30) 



It is seen from relationship that obtained addi- 

tional charge is really purely imaginary quantity. It fol- 
lows from comparison with relationship for known con- 
served quantity for any complex field, for instance, for 
Dirac field. Let us remember, that real guantity - charge 
Q'^', is the consequence of gauge symmetry, consisting in 
the invariance of Lagrange equations under the transfor- 
mations 



u'{x) — exp{ia)u{x) 



(31) 



and 



u'^{x) = exp{~ia)u'^ (x) . 
In general case Q^^\ ([2]), is 



dL 



dL 



d{diu. 



d{diul 



-u*](fx. 



(32) 



(33) 



Therefore any relativistic complex field can be char- 
acterized by complex conserving quantity Q, that is by 
complex charge, which can be represented in the form 



[2] 



(34) 



with two real components Q^^' and Q^^'. The statement 
is proven. 

From the statement 3 we obtain the consequence, 
which seems to be essential and it is formulated in the 
form of the statement 4. 

4. Conserving quantity - purely imaginary charge, 
which is invariant under total gauge transformations, 
corresponds to any real relativistic field (scalar, vector, 
spinor). 

The proof is evident, if to take into account, that any 
real quantity, including relativistic field, is particular case 
of complex quantity. 

In suggestion, that analogous statements are held true 
for quantized fields, we can conclude, that free EM-field 
quantum, that is photon, possesses along with the spin 
by the charge, which is purely imaginary in the case of 
real free EM-field. It becomes now to be physically un- 
derstandable rather effective realization of EM-field in- 
teraction with the matter by means of given relativistic 
particles. 

It becomes also to be understandable qualitatively the 
mechanism of appearance of real part of a charge when 
free real EM-field enter the matter. The velocity v of 
EM-field propagation in the matter is less in compari- 
son with the velocity c in vacuum. Consequently, hy- 
perbolic rotation of coordinate system in, for example 
(x3, a;4)-plane of Minkowsky space and isomorphic to it 
rotation in (Qi, Q2)-plane of complex charge space take 
place. It corresponds to appearance of real component of 
the charge, and it is consequence of additional hyperbolic 
symmetry of Maxwellian EM-field (see the next Section) . 
The same mechanism leads to appearance of imaginary 
part of EM-field vector-functions and currents. Naturally 
it is suggested, that life time of the photons, which are 
entered in the matter is rather long, that is rather strong 
electron-photon interaction takes place. 

It seems to be clear, that Maxwell equations with all 
complex- valued vector and scalar variables give concrete 
realization of the connection between dual and gauge 
symmetries of EM-field. 

It is remakable, that, like to mechanics, a number of 
conservation laws, which can have EM-field, are optional 
in their simultaneous fulfilment. In particular, it is ev- 
ident, that by automorphic transformation of the space 
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of EM-field functions by relationship pT|) the conserva- 
tion law for charge will always take place. At the same 
time the energy conservation law and the conservation of 
Poynting vector will be fullfilled, if given transformation 
is applied to EM-ficld potentials. The force character- 
istics, that is E-, iJ-vector functions can be used to be 
basis for free EM-field description, since they will repre- 
sent the full set in free EM-field case. However the energy 
conservation law and the conservation of Poynting vec- 
tor, that is mathematical construction, to which enter 
E-, ff-vector functions, will not be fullfilled by transfor- 
mation PT|) at arbitrary /3. Given situation is realized 
by the propagation of the EM-field in the matter with 
the velocity w 7^ c, that is with the velocity, which is not 
equal to light velocity in vacuum. The charge remains 
to be Lorentz invariant quantity (see Sec. 2), at the same 
time both the field characteristcs, the energy and impulse 
(determined by Poynting vector) are not Lorentz invari- 
ant quantities. It is remarkable, that the conclusion on 
charge Lorentz invariance was formulated in to be 
self-evident. Thus, we see, that the charge conservation 
law for EM-field is fullfilled even through the energy and 
impulse conservation laws do not take place. Therefore, 
the charge conservation law can be considered in given 
meaning to be more fundamental. 

II. COMPOUND QUATERNION NATURE OF 
EM-FIELD WITH FOUR REAL COMPONENTS, 
HAVING DIFFERENT SPACE AND TIME 
PARITY 

A. Generalized Maxwell Equations 

Symmetry studies of electromagnetic (EM) field have 
a long history, which was starting already in 19-th cen- 
tury from the work of Heaviside [J] , where the existence 
of the symmetry of Maxwell equations under electrical 
and magnetic quantities was remarked for the first time. 
Mathematical formulation of given symmetry gave Lar- 
mor [5|. It is consisting in invariance of Maxwell equa- 
tions for free EM-field under the transformations 

E ^ ±H,H ^ TE, (35) 

The transformations ([55]) are called duality transfor- 
mations, or Larmor transformations. Larmor transfor- 
mations psp are particular case of the more general 
dual transformations, established by Rainich Dual 
transformations produce oneparametric abelian group 
Ui, which is subgroup of the group of chiral transfor- 
mations of massless fields. Dual transformations corre- 
spond to irreducible representation of the group of chiral 
transformations of massless fields in particular case of 
quantum number j ~ 1 3] and they are 

E' Ecose + Hsm9 
. . . (36) 

H' Hcos0~ Esine, 



where parameter 9 is arbitrary continuous variable, 6 € 
[0,27r]. In fact the expression p6p is indication in im- 
plicit form on compound character of EM-field. Really 
at fixed 6 the expression (155)) will be mathematically cor- 
rect, if vector-functions E, H will have the same sym- 
metry under improper rotations, that is concerning the 
parity P under space inversion, both be polar or axial 
ones, or be both consisting of polar and axial compo- 
nents simultaneously. Analogous conclusion takes place 
regarding the parity t under time reversal. The possi- 
bility to have the same symmetry, that is, the situation, 
when both the vector-functions E, H are pure polar (ax- 
ial) vector-functions, or both ones t-even (t-uneven) si- 
multaneously contradicts to experiment. Consequently it 
remains the variant, that vector-functions E', H' in the 
expression p6p are compound and consits of the com- 
ponents with even and uneven parities under improper 
rotations. It is in agreement with overview on compound 
symmetry structure of EM-field vector- functions E{r,t), 
H{f,t), D{f,t), B{r,t), consisting of both the gradient 
and solenoidal parts, that is uneven and even parts under 
space inversion in |3| , where compound symmetry struc- 
ture of EM-field vector- functions is represented to be self- 
evident. It corresponds also to theoretical assumption in 
Q, where along with usual choice, that is, that electric 
field E is polar vector, magnetic field H is axial vector, 
the alternative choice is provided. The conclusion can be 
easily proved, if to represent relation p6p in matrix form 



" E' ' 




cos 


sin 6* 




■ E 


H' 




— sin 


cos 




H 



(37) 



We see, that given matrix has the form, which allows set 
up in conformity to it the comlex number according to 
biective mapping like to (H}. Consequently, we have 



" E' ' 




■ E ' 








H' 




H 



(38) 



that is 

E' = Ecose- iEsinO 
. . . (39) 

H' = H cose -iH sine. 

It means, that to real plane, which is determined by the 
vectors E and H can be set in conformity the complex 
plane for the vectors E' and H' . 

It is evident now, that really both the vectors E' and 
H' are consisting of both, P-even and P-uncvcn compo- 
nents. So the first component of, for instance, E' will be 
P-even under refiection in the plane situated transversely 
to absciss-axis, the second component will be P-uneven. 

Therefore, dual transformation symmetry of Maxwell 
equations, established by Rainich [6], indicates simulta- 
neously on both complex nature of EM-field in general 
case, and that both electric and magnetic fields are con- 
sisting in general case of the components with various 
parity under improper rotations. 
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Let us find the invariants of dually transformed EM- 
field. It is easily to show, that the following relationship 
is taking place 



- + 2i{EH) e 



mv, 



(40) 



that is, we have at fixed parameter 6* 7^ two real EM- 
field invariants 



{E^ - H^) cos 29 + 2{EH) sin 29 = inv 
2{EH) cos 29 - {E^ - H^) sin 29 = inv. 



(41) 



It follows from relation (j4T|) that, in particular, at 9 = 
we have well known FSl EM-field invariants 



{E^ - H^) = inv 
(EH) — inv. 



(42) 



It is interesting, that at = 45° and a.t 9 = 90° the 
invariants of dually transformed EM-field are determined 
by the same relation (|42|) and by arbitrary 9 we have 
two linearly independent combinations of given known 
invariants. 

Subsequent extension of dual symmetry for the EM- 
field with sources leads also to known requirement of 
the existence of two type of other physical quantities - 
two type of charges and two type of intrinsic moments of 
the particles or the absorbing (dispersive) centers in con- 
densed matter. They can be considered to be the com- 
ponents of complex charge, or dual charge (in another 
equivalent terminology) of so called dually charged parti- 
cles, which were described theoretically (see Q). We have 
to remark, that setting into EM-field theory of two type 
of charges and two type of intrinsic moments is actual, 
since recent discovery of dually charged quasiparticles Q 
and the particles with pure imaginary electric intrinsic 
moments [loj in condensed matter, - respectively, spin- 
Peierls 7r-solitons and Su-Schrieffer-Heeger cr-solitons in 
carbynoids, is clear experimental proof, that EM-field 
theory with complex charges and complex intrinsic mo- 
ments has physical content. EM-field theory with com- 
plex charges and complex intrinsic moments ceases con- 
sequently to be the only formal model, which although 
is very suitable for many technical calculations, but was 
considered upto now to be mathematical abstraction, in 
which magnetic charges and magnetic currents are ficti- 
tious quantities. Similar conclusion concerns the concep- 
tion of complex characteristics of EM-field in the matter. 
Given conception agrees well with all practice of elec- 
tric circuits' calculations. Very fruitfull mathematical 
method for electric circuits' calculations, which uses all 
complex electric characteristics, see for example [Tl|, was 
also considered earlier the only to be formal, but conve- 
nient mathematical technique. Informality of given tech- 
nique gets now natural explanation. It has to be taken 
into account however, that in the case 9 = we have well 
known electrodynamics with odd P-parity of electric field 
and even P-parity of magnetic field. In given case all the 



EM-field characteristics are real and by using in calcu- 
lations of the complex quantities, we have always add 
the corresponding complex conjugate quantities. At the 
same time in the case ^ it will be incorrect, since both 
the real observable quantities, which corresponds to any 
complex EM-field characteristics have to be retained. In- 
dependent conclusion follows also from gauge invariance 
above considered (Sec. I). Really, the presence of complex 
charge means that 4- vector of current for any complex 
field is complex vector. In its turn, it means, that inde- 
pendently on starting origin of the charges and currents 
in the matter [they can be result of presence of Dirac field 
or another complex field] all the characteristics of EM- 
field in the matter have also to be complex-valued. Given 
conclusion follows immediately from Maxwell equations, 
since complex current enters explicitly Maxwell equa- 
tions. It is also substantial, that Maxwell equations are 
invariant under the transformation of EM-field functions 
by relationship ([TT|). 

Let us designate the terms in ([5^ 



Ecos9 = 3^\Esm9 = 
Hcos9 = ,Hsm9 = 



(43) 



The MaxweU equations for the EM-field {E' , H') in the 
matter in general case of both type of charged particles 
(that is electrically and magnetically charged), including 
dually charged particles are 



V X E'{r,t) 



V X H'{r,t) 



-Mo- 



dH'{r,t) 
'dt 



(44) 



dE'{r,t) , 
£0 t^+]'e{r,t), (45) 



dt 



■E'{r,t)) = p'^{r,t), 
{\/-H'{f,t))=p'g{r,t), 



(46) 
(47) 



where j'e{r,t), jg{r,t) are respectively electric and mag- 
netic current densities, p^{f,t), Pg{r,t) are respectively 
electric and magnetic charge densities. Taking into ac- 
count the relation ([39]) and the system (gll), (j45|), 
(j46l) . (|47| can be rewritten 



V X (^W(r,t) 



Mo 



dt 



dt 



(48) 



-Jg {r,t)+ijg {r,t), 



V X {H^^\f,t) - iH^^Hf,t)) 
dM^\f,t) .dB'^\r,t) 



dt 



dt 



(49) 



+ jJ^\r,t) - ii}''\r,t), 



7 



(V • (^[11 {r, t) - {r, t)))= pW {r, t) - ipl^] ^y (gg) 

where j}^\r,t), jj^\f,t), jg^^\r,t), jg^^\r,t) are cor- 
respondingly electric and magnetic current densities, 
which by dual transformations are obeing to relation like 
to dSSl) |i3i], they are designated like to (|43|), pe\f,t), 
p^e\'r,t), pg'(r, t), p[f'(r, t) are correspondingly elec- 
tric and magnetic charge densities, which transformed 
and designated like to field strengths and currents. 
In fact in the system of equations (|^ . ([SU]). 
([5T|) are integrated Maxwell equations for two kinds of 
EM- fields (photon fields in quantum case), which dif- 
fer by parities of vector and scalar quantities, entering 
in equations, under space inversion. So, the compo- 
nents E^^\r,t), H^'^\r,t), j} \r,t) have uneven parity, 
i?[^l(r, t), i?[-^l(f, i),je (f, t) have even parity, p^e\r,t), 
p^g\r,t) are scalars, p[f'(r, i), p^g\r,t) are pseudoscalars. 
In the case, when j'g{r, t) — 0, p'g{r, i) = we obtain the 
equations of usual singly charge electrodynamics for com- 
pound EM-field in mathematically correct form, which 
allows to separate the components of EM-field with var- 
ious parities P under space inversion. It is remarkable, 
that the idea, that vector quantities, which characterize 
EM-field, are compound quantities and inlude both gra- 
dient and solenoidal parts, that is uneven and even parts 
under space inversion was put forward earlier in [3.]. At 
the same time in the equations of dual electrodynamics 
given idea was presented the only in implicit form. The 
representation in explicit form by equations (|48l) . (HHl) . 
((50)) . ((5T|l seems to be actual, since field vector and scalar 
functions with various t- and P-parities are mathemati- 
cally heterogeneous and, for instance, their simple linear 
combination, for instance, for P-uneven and P-even elec- 
tric field vector-functions E^^\r,t), E^'^\f,t) 



ai^W(f,t) + a2-Bl2l(f,t) 



(52) 



with coefficients ai, a2 from the field of real numbers, 
which is taking place in some theoretical and experi- 
mental works, is collage. Similar situation was discussed 
in (T^ by analysis of Bloch vector symmetry under im- 
proper rotations. Mathematically the objects, which are 
like to ([52]) can exist. Actually to the set of {p[^l(f, i)} 
and to the set of {pl^l (7^, t)} can be put in correspondence 
the affine space. However given affine space corresponds 
to direct sum of two usual vector spaces, consisting of 
different physically objects, that is, it represents in fact 
also collage. Really, given direct sum can be represented 
by direct sum of linear capsule 



(53) 



representing itself three-dimensional vector space of the 
set {E^^\f,t)} and linear capsule 



{4p[2l(f,i)| 



representing itself three-dimensional vector space of the 
set {p[^l(r, t)}. It is substantial, that both the vector 
spaces cannot be considered to be subspaces of any three- 
dimensional or six-dimensional vector spaces, consisting 
of uniform objects. Moreover, it is evident, that the affine 
space, defined in that way cannot be metrizable, when 
considering it to be a single whole. It means in turn, 
that the set of objects, given by ((52)) are not vectors in 
usual algebraic meaning. Even Pythagorean theorem, for 
instance, cannot be used. 

It can be shown, that the system, analogous to (|48p . 
(|49)l . ([50]) . (|5T|) can be obtained for the second pair of 
EM- fields (photon fields in quantum case), which differ 
by parities of vector and scalar quantities, entering in 
equations, under time reversal. Really it is easily to see, 
that Maxwell equations along with dual transformation 
symmetry, established by Rainich, given by relations 
- (j39p , are symmetric relatively the dual transformations 
of another kind of all the vecor and scalar quantities, 
characterizing EM-field, which, for instance, for electric 
and magnetic field strengh vector-functions can be pre- 
sented in the following matrix form 



(55) 



where ■)? is arbitrary continuous parameter, -d € [0,27r]. 
The relation (j55p can be rewritten in the form 



" E" ' 




cosh ■& i sinh 




■ E ' 


H" 




— isinhi? coshi? 




H 



' E" ' 




cos id 


sinzi? 




■ E 


H" 




— sin ii!) 


cos id 




H 



(56) 



In particular, if -d is polar angle of coordinate system 
in the plane, determined by E and H , the transforma- 
tions ([55)1 represent themselves hyperbolic rotations in 
{E, /?)-plane. Let us call the transformations (|55p by 
hyperbolic dual transformations. It represents the inter- 
est to consider the following particular case of hyperbolic 
dual transformations. We can define parameter d accord- 
ing to relation 



V 

tanh ■§ = — 
c 



/3, 



(57) 



where V is velocity of the frame of reference, moving 
along X-axis in 3D subspace of ^Ra Minkowski space. We 
can also to set up in conformity to the plane (x2,a;3) in 
Minkowski space, the plane (P, H) , in which P, H are 
orthogonal and are directed along absciss and ordinate 
axes correspondingly (or vice versa). Then we obtain 



|P"I = 



|P"I = 



\E\+m\ 
\H\-m 



(58) 



e P, ; e iV 



(54) 



(or similar relations, in which P, H are interchanged by 
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places). In vector form given transformations are 

E+\[Hx V] 



E" 



H" 



(59) 



Therefore it is seen, that E, H are transformed hke to 
xq and xi coordinates (or vice versa) of the space ^i?4. 
It follows from here, that both the vectors E" , H" have 
t-even and t-uneven components in general case. We see 
also that Lorentz-invariance of Maxwell equations is par- 
ticular case of hyperbolic dual symmetry. It means, that 
restriction to only Lorentz-invariance in consideration of 
Maxwell equations' symmetry, which is usually used, con- 
stricts the concept on the EM-field itself and it is thereby 
constricting the possibilities for completeness of its prac- 
tical usage. Taking into account ([TJ we obtain the rela- 
tions, which are similar to psp . which can be rewritten 
in the similar to (15^ form, that is, we have 



E" = E cos id — iE sin id 
if" = Hcosid-iHsinid. 



(60) 



It is proof in general case, that each of two indepen- 
dent Maxwellian field components with even and uneven 
parities under space inversion is also compound and it 
consists of two independent components with even and 
uneven parities under time reversal. Then imposing des- 
ignations 



E cos id = £;[^1 , E sin id = W 
H cos id ^ H^^^ , H sin id = H^*^ 



(61) 



and considering the vector-functions (E^^^ (r, t), E^^^ (r, t)) 
and (i/[^l (r, t), H^'^\r^t)) to be definitional domain for 
the vector-functions E"{r^t), H"{f,t) correspondingly, 
the Maxwell equations for the components of the field 
(£;[il, i/Iil) and {E^'^\ H^'^'^ ) have the same form and they 
are 



V X {3^\r,t)~i3^\r,t)) 



dt 



dt 



(62) 



3g [r,t)+ijg {r,t), 



Co 



V X {H^^\f,t) - iH^^\f,t)) 



dt 



dt 



(63) 



+ j}^\r,t) - ijj-'^\f,t), 



■{m{r,t)-iH^''\r,t))) = pf{r,t)-ipf{T,t), (65) 

where ,f ^Vf,i), f^^'m. rj^r,t), f,'\r^t) are, cor- 
respondingly, electric and magnetic current densities, 
p'e\r,t), pt\r,t), pf\r,t), pi\r,t) are, correspond- 
ingly, electric and magnetic charge densities, which trans- 
formed and designated like to field strengths and cur- 
rents. In fact the system of equations ([62]) . ((63l) . (|64| . 

represent itself corredtly integrated Maxwell equa- 
tions for two kinds of EM-fields (photon fields in quantum 
case), which differ by parities of vector and scalar quan- 
tities, entering equations, under time reversal. So, the 

components E^^^{f,t), i7W(r, t), je {r^t) have uneven 
parity, i?W(r, i), H^^\f,t), je {r,t) have even parity, 
(r, i), p^g^ (r, t) are scalars, (f, t), p[f' (f, t) are pseu- 
doscalars. In the case, when j" g{r,t) = 0, p"g{r,t) — 
we obtain the equations of usual singly charge electro- 
dynamics for two components of EM-field with various 
parities under space inversion, at that either of the two 
consist also of two components of EM-field with various 
parity under time reversal. 

It is easily to see, that invariants for EM-field, consist- 
ing of two hyperbolic dually symmetric parts, that is at 
d have the form, analogous to ([3D]) and they can be 
obtained, if parameter 9 to replace by id. They are 



E^ - + 2i{EH) 



e^^ = inv. 



(66) 



Consequently, two real invariats at d ^ have the form 
{E^ - i?2)e2^ = //' = ,nv, 



2{EH)e^^ =h" = inv. 



(67) 



It follows from relation (|67p . that in both the cases, that 
is &t d — Q and at fixed ^ 0, we obtain in fact well 
known EM-field invariants, since factor e^"^ at fixed d 
seems to be insufficient. At the same time at arbitrary d 
the relation 



h" 1 1 
— = — 
h" h 



mv 



(68) 



is taking place. It is seen, that the value of W is indepen- 
dent on 1?. It means physically, that the absolute values of 
both the vector-functions E{f, t) and H{r^ t) are changed 
synchronously by hyperbolic dual transformations. 

So, the usage of complex number theory allows to 
represent correctly the electrodynamics for two photon 
fields, which differs by parities under space inversion or 
time reversal by the same single system of generalized 
Maxwell equations. At the same time we have two re- 
lated sets, that is pairs of complex vector and scalar 
functions, which are ordered in their P- and t-parities. 
It corresponds to definition of quaternions. Really any 
quaternion number x can be determined according to re- 
lation 



(V • {m (f, t) - (f, t))) = ^) _ ,^[4] (^-^ (64) 



(ai -I- ia2)e + (03 + ia^jj, 



(69) 
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where {am} & R,m = 1,4 and e,i,j,k produce basis, 
elements of which are satisfying the conditions 



V X (i3(f,t)) 



= Co 



g(£(f, t) 
dt 



(77) 



(u) = k, [ji) = -fc, {ki) = J, {ik) = -J, (70) 
{ei) = {ie) = i, (ej) = (je) = j, (ek) = (fee) = k. 

Let us designate the quantities 

(^[11 (f, t) - _^ (^[3] ^) _ -^[4] ^ 

(i?[il (f, t) - iH^^^ (r, t)) + (i?[3] (^, t) _ (f, ^ 
j^(f,i) 

(ie'^' (^ t) - Jje'^' {r, t)) + (je'^' (f, t) - ij}'^'^ (f, t))j = 

(-ig'^' (?^, i) + ijff'^' (^, ^)) + (-Jff'^' (f', + ijg^^ {r, t))j = 

(pW (f, i) - (^-^ i)) + (^[3] ^) _ ^^[4] ( . ^ 



Pc(?',i) 

(pW (f , i) - ^pf^ (f, t)) + (p[3l (f , t) - zpW (f, t))j 
where 

^W(f,t),i?[2l(f,t),/e™(r,i), 
are P-uneven, t-even, 

/;^f,i),pM(f,t),pW(f,t) 
are P-uneven, t-uneven, 

^[3l(r,t),i?W(r,t),/e'"(r,t), 
/,'"(r,t),p[3l(f,t),pW(r,t) 
are P-even, t-even, 

^W(f,t),#[3l(^-^t)^/J4]^^_,^^^^ 



(71) 



(72) 



(73) 



(74) 



(75) 



are P-even, i-uneven. According to definition of quater- 
nions €{r,t), Sj{r,t), ]^{f,t), jg(r,t), p^{f,t), Pg{f,t) are 
quaternions. It means, that EM-field has quaternion 
structure and dual and hyperbolic dual symmetry of 
Maxwell equations will take proper account, if all the 
vector and scalar quantities to represent in quaternion 
form. Consequently, we have 



V X (l£(f,t)) 



= -Mo 



dt 



{V ■ {€{f,t))) ^ p,{r,t), 



(y ■ {Mr,t))) ^ p,{r,t) 



(78) 



(79) 



Therefore, symmetry of Maxwell equations under dual 
transformations of both the kinds allows along with gen- 
eralization of Maxwell equations themselves to extend 
the field of application of Maxwell equations. It means 
also, that dual electrodynamics, developed by Tomilchick 
and co-authors, see for instance [1], obtains additional 
ground. Basic field equations in dual electrodynamics 
0, [3], being to be written separately for two type of 
independent photon fields with various parities under 
space inversion or time reversal, will be isomorphic to 
Maxwell equations in complex form. It was in fact shown 
partly earlier in [isj , 0] , where complex charge was taken 
into consideration. At the same time all aspect of dual 
symmetry, leading to four-component quaternion form of 
Maxwell equations seem to be representing for the first 
time. 



III. CAVITY DUAL ELECTRODYNAMICS 

Let us find the conserving quantities, which correspond 
to dual and hyperbolic dual symmetries of Maxwell equa- 
tions. It seems to be interesing to realize given task on 
concrete practically essential example of cavity EM-field. 
At the same time to built the Lagrangian, which is ade- 
quate to given task it seems to be reazonable to solve the 
following concomitant task - to find dually symmetric so- 
lutions of Maxwell equations. It seems to be understand- 
able, that the general solutions of differential equations 
can also possess by the same symmetry, which have start- 
ing differential equations, nevetheless dual symmetry of 
the solutions of Maxwell equations was earlier not found. 



A. Classical Cavity EM-Field 

Suppose EM-field in volume rectangular cavity with- 
out any matter inside it and made up of perfectly elec- 
trically conducting walls. Suppose also, that the field is 
linearly polarized and without restriction of commonness 
let us choose the one of two possible polarization of EM- 
field electrical component £'(r , t) along x-direction. Then 
the vector- function Ex{z,t)ex can be represented in well 
known form of Fourier sine series 



^W(f,t)-S,(z,Oe, - 



^A^qa (t) sin(fcaz) 



,Q = 1 



-W^t)^ (76) 



(80) 

where qa{t) is amplitude of a-th normal mode of the 
cavity, a € N, ka = an/L, = y/2ujlma/Veo, 
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LOa = anc/ L is cavity length along z-axis, V is cavity 
volume, TOc is parameter, which is introduced to obtain 
the analogy with mechanical harmonic oscillator. Let us 
remember, that the expansion in Fourier series instead 
of Fourier integral expansion is determined by known 
diskretness of fc-space, which is the result of finiteness 
of cavity volume. Particular sine case of Fourier series is 
consequence of boundary conditions 



[nxE]\s^Q,{nH)\s = Q, 



(81) 



which are held true for the perfect cavity considered. 
Here n is the normal to the surface S of the cavity. It is 
easily to show, that Ex{z,t) represents itself a standing 
wave along z-direction. 

Let us analyse the solutions of Maxwell equations for 
EM-field in a cavity in comparison with known solutions 
from the literature to pay the attention to some mathe- 
matical details, which have however substantial physical 
conclusions, allowing to extend our insight to EM-field 
nature. For given reasons, despite on analysis simplicity, 
we will produce the consideration in detail. 

Using the equation 



dE{z,t) 
'dt 



V X H{z,t) 



we obtain the expression for magnetic field 



f:Af^^cos(fc.z)-H/.(t) 



(82) 



e„ (83) 



where {fa{t)}, a G N, is the set of arbitrary functions of 
the time. It is evident, that the expression for H{r, t) ([83|) 
is satisfying to boundary conditions (|5l]) . The partial 
solution, in which the functions {fait)} are identically 
zero, that is, H{f,t) is 



ep dqa{t) 



(84) 



is always used in all the EM-field literature. However 
even in given case it is evident, that the Maxwellian field 
is complex field. Really using the equation 



V X £; 



dB dH 



it is easily to find the class of field functions {qa{t)}. 
They will satisfy to differential equations 



d^qa(t) 



(86) 



Consequently, we have 

Qait) - Ciae"^-' + C2ae-^"°*,a e N, (87) 

where Cia,C2a,C( G N are arbitrary constants. Thus, 
real-valued free Maxwell field equations result in well 



known in the theory of differential equations situation 
- the solutions are complex- valued functions. It means, 
that generally the field functions for free Maxwellian field 
in the cavity produce complex space. So we obtain ad- 
ditional independent argument, that the known concep- 
tion, on the only real-quantity deflniteness of EM-field, 
has to be corrected. On the other hand, the equation 
(1551) has also the only real- valued general solution, which 
can be represented in the form 

qa{t) = Ba COs{uJat + (j)a), (88) 

where i?„,0Q,a € N are arbitrary constants. It is sub- 
stantial, that the functions in real-valued general solution 
have a definite t-parity. 

Thus, we come independently on the previous consider- 
ation in Sec. I and Sec. II, Subsec.A to the conclusion, that 
classical Maxwellian EM-field can be both real-quantity 
definited and complex-quantity definited. 

It is interesting, that there is the second physically 
substantial solution of Maxwell equations. Really, from 
general expression (1551) for the field H{f, t) it is easily to 
obtain differential equations for {/^(t)}, a G N, 



dfajt) 

dt 
1 



£0 d'^qajt) 

" ka dt^ 



— A„ kaqa{t) cos{kaz) 
Mo 



COs{kaZ) 

0. 



(89) 



The formal solution of given equations in general case is 

dqa{t) eo 



fait) = COs(fcaZ) 



— [ qair)dT 
Mo J 



dt 



(90) 

Therefore, we have the second solution of Maxwell equa- 
tions for Hir,t) in the form 

mir,t) = - I £ A^qUt)cosikaz) I ey, (91) 



where A^ = y^2u!-^ma/V^o. Similar consideration gives 
the second solution for i?(r, t) 

E^^\r,t) - |fj^fg;'(t)sin(fc„z)| e-, (92) 

The functions q'^it) and q'^it) in relationships ((9T|) and 
(I92l) are 



I'ait) =^a I qaiT)dT 



(93) 



lait) = ^"j )'^^ 




correspondingly. Owing to the fact, that the solutions 
have simple form of harmonic trigonometrical functions. 
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the second solution for electric field differs from the first 
solution the only by sign, that is substantial, and by 
inessential integration constants. Integration constants 
can be taken into account by means of redefinition of 
factor rua in field amplitudes. It is also evident, that if 
vector-functions E(f,t) and H{r,t) are the solutions of 
Maxwell equations, then vector-functions TE{f, t) and 
TH{f^t), where T is time inversion operator, are also 
the solutions of Maxwell equations. Moreover, if starting 
vector-function, to which operator T is applied is i-even, 
then there is i-uneven solution, for instance for magnetic 
component in the form 



T[tH{r,t)] 
t 



(94) 



where t is time. It can be shown in a similar way, that du- 
ally symmetric solutions, which are P-even and P-uneven 
are also existing. 

Therefore, there are the solutions with various com- 
binations of the signs for vector-functions i?(r, t) and 
H(f,t), which are realized simultaneously, that is, their 
linear combination with coefficients from the field C of 
complex numbers will represent the solution of Cauchy 
problem for Maxwell equations in correspondence with 
known theorem, that the solution of Cauchy problem for 
any systems of homogeneous linear equations in partial 
derivatives exists and it is unique in the vicinity of any 
point of the initial surface (in the case, when the point se- 
lected is not characteristic point and the function, which 
determines given hypersurface is continuously differen- 
tiable). In other words, we obtain again the agreement 
with Maxwell equation symmetry consideration. Given 
property of EM-fied seems to be essential, since it per- 
mits passing for the processes, which seemingly are for- 
bidden by CPT-theorem. For example, let us consider 
the resonance system EM-field plus matter in the cavity, 
in particular, the so called dressed state of some quasi- 
particles' system. Suppose, that wave function can be 
factorized, matter part is P- and t-even under space and 
time inversion transformations, while EM-field part is P- 
uneven. CPT-invariance will be preserved, since EM-field 
has simultaneously with i-even the i-uneven component, 
determined by expression (1941) . Therefore i-parity of the 
function q'^it) can be various, and in the case, if we choose 
t-parity to be identical to the parity of the function q^ (t) , 
the solution will be different in the meaning, that the field 
vectors will have opposite i-parity in comparison with the 
first solution. It is evident, that boundary conditions are 
fuUfilled for all the cases considered. 

To built the Lagrangian we can choose the following 
sets of EM-field functions {u'^^^{x)}, s = l,2,a e N, 

{ul;'^{x)} = {y^A^ smka{x3)[qa{x4) ± iqaixi)]} 

{u'^^ix) = {^A^ C0Sk^ixs)[-q'aix4) ± — %^]} 



UJa dx4 



The functions {M^'^(a;)},s = 1,2, a € N are built from 
the components of the expansion in Fourier series of the 
fields i?[il(r,i),£;[2l(f,t) and H^^\r,t),H^^\r,t) corre- 
spondingly. At the same time the sets {u^'^(a;)},s = 
1, 2, a e N produce at fixed x two orthogonal countable 
bases, corresponding to s = 1,2 in two Hilbert spaces, 
which are formed by vectors il['''^l(u^'^(x), M2'^(x), ...) 
for variable x G ^i?4. Really scalar product of 
two arbitrary vectors il[*'^'(uJ'^(2;i),M2'^(a;i), ...) and 
il'*'^'(it^'^(xj), U2'^(xj), ...), that is 



(96) 



is equal to 



X! J u*J'^{xi,i,z)u1^^(x4,o,z)dz,s ^1,2, (97) 



that means, that it is restricted, since the sum over s 
represents the energy of the field in restricted volume. 
Consequently, the norm of vectors can be defined by the 
relationship 



||ill"'±](x)|| = y^(5i[^'±l(x) |U[^'±l(a;)) 



oo „ 

/ U*a'^{xi^i, z)Ua^{xi^j, z)dz, S = 1,2. 



(98) 



Then vector distance is 
d{^l^'^^\x,)M''^\xj)) = ||ill^'±l(x,)-il[^'±l(a^j)ll- (99) 

So we obtain, that the vectors {il^'*'^! (x)}, x e ^i?4 
produce the space L2 and taking into account the Riss- 
Fisher theorem it means, that given vector space is com- 
plete, that in its turn means, that the spaces of vectors 
{il['*'±l(x)}, X e ^Ri,s = 1,2, are Hilbert spaces. Con- 
sequently Lagrangian L(x) can be represented in the fol- 
lowing form 



s—l fi=l a—1 



dxf^ dxfj. 



(100) 



S=l fl—1 ot — l 



(95) 



where K{x) is factor, depending on the set of variables 
X = {Xf,},fi = 1,4. 

Let us find the conserving quantity, corresponding to 
dual symmetry of Maxwell equations. Dual transforma- 
tion, determined by relation (j37l) is the transformation 
the only in the space of field three-dimensional vector- 
functions E, H, (let us designate it by {E, iJ)-space) and 
it does not touch upon the coordinates. It seems to be 
conveniet to define in given space the reference frame. 
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then the transformation, given by (|37)) is the rotation of 
two component matrix vector-function 



l^^ll 



E 
H 



(101) 



Instead of two Hilbert space for two sets of vectors 

we can also define one 
Hilbert space for row matrix vector function set 

{||il(a;)||} = {yi^±l(x)itP>±l(x)l} (102) 



with the set of components 

{||C/„(x)||} = {K±(x)u2^±(x)]}, 



(103) 



where a d N. In general case instead parameter we 
can define rotation angles 0ik, i,k — 1,3 in 2D-planes 
of [E, H) functional space. It is evident, that Oik are 
antisymmetric under the indices i,k = 1,3. According to 
Nother theorem, the conserving quantity, corresponding 
to parameters 9ik in dual transformations p7|) , that is at 
Sik = 012 is determined by relations like to (^0)) and (1^ . 
So, we obtain 



'-'12 



dL 



{did,\\U*\\ 



C.C.. 



(104) 



where /i = 1,4 and it was taken into account, that \\Xa\\ 
in matrix relation (|104p . which is like to (|20l) is equal to 



zero. The factor 



dL 



dL 



in ()104p is row matrix 



5(5^ lie/*. 



dL 



dL 



o *,1± o *,2± 



(105) 



matrix 11^^11 is product of matrices ||/q|| and ||[/a(a::)||, 
that is 



\YJ\ = 



''a 
,2± 



(106) 



where \\Ia\\ is the matrix, which corresponds to infinites- 
imal operator of dual or hyperbolic dual transformations 
of a-th mode of cavity EM-ficld. It represents in general 
case the product of three matrices, corresponding to rota- 
tion along three mutually perpendicular axes in 3D func- 
tional space above defined. So = ll-^Qllll-fallll-fall- 
The transformations in the form, which is given by 
([57)1 correspond to 623 — 0, 612 = 0, ^31 = 0, that is 
ll-^all = ll-^all = where E is unit [2 x 2]-matrix. In 
the absence of dispersive medium in the cavity \\Ia\\ will 
be independent on a. Moreover, it is easily to see, that 
infinitesimal operator with matrix ||/q,|| is the same for 
dual transformations, determined by ([571) ^^'^ hyperbolic 
dual transformations, determined by ((55| . Really 
in both the cases is 



1 
-1 



(107) 



for any a € N. 

Conserving quantity is 



5: 



12 



dL 



UX 



\Ya\\]+c.c.}d^x (108) 



The structure of 11081 unambiguously indicates, that it 
is the component of spin tensor 0, [l3|, to which dual 
vector component can be set in the correspondence ac- 
cording to relation 



Sf — EijkSjf. 
-Sijk- /{[ 



00 



dL 



t^,d{d,\\U*J) 



\\Ya\\\jk+C.C.}Sx, 



(109) 



where Sijk is completely antisymmetric Levi-Civita 3- 
tensor. 

Therefore we obtain, that the same physical conserving 
quantity corresponds to dual and hyperbolic dual sym- 
metry of Maxwell equations. Taking into account the 
expressions for Lagrangian (jlOOp and for infinitesimal op- 
erator (|107p . in the geometry choosed, when vector E is 
directed along absciss axis, vector H is directed along 
ordinate axis in {E,H) functional space, we have 



^r2 = E[ 



dv^_ 

dXa 



,2± 



du 



*,2± 



,1±1 



dxu 



c.c. 



(110) 



and 



C.4 
■^3 



£3i2'5': 



{[ 



dL 



cj ''f^^did^\\u*\\) 



\Ya\\] + C.C.}(fx, 



(111) 

It is projection of spin on the propagation direction. 
Therefore we have in given case right away physically 
significant quantity - spirality. 

The relations pTO|) . ([lM| . (ITTU)) . pTT|) show, that spin 
of classical relativistic EM-ficld in the cavity and, cor- 
respondingly, spirality are additive quantities and they 
represent the sum of cavity spin and spirality modes. 
On the connection of the conserving quantity, which is 
invariant of dual symmetry with spin was indicated in 
[5, where free EM- field was considered with traditional 
Lagrangian, which uses vector potentials to be field func- 
tions. The result obtained together with aforecited result 
in 3] lift dilemma on the necessity of using of given quan- 
tity by consideration of classical EM-field. Really, the 
situation was to some extent paradoxical, and it can be 
displayed by the following conversation between two dis- 
putant physicists. "Spin exists" - has insisted the first, re- 
ferring on the appearance of additional tensor component 
in total tensor of moment - intrinsic moment - to be con- 
sequence of Minkowsky space symmetry under Lorentz 
transformations, "Spin does not exists" - has insisted the 
second, referring on the metrized tensor of the moment, 
in which spin part is equal to zero '2] in distinction from 
canonical tensor. In other words, both disputants were 
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in one's own way right. Dual symmetry leads to unam- 
biguous conclusion " Spin exists" and has to be taken into 
consideration by the solution of tasks, concerning both 
classical and quantum electrodynamics. Moreover spin 
takes on special leading significance among the physical 
characteristics of EM-field, since the only spin (spirality 
in the simplest case above considered) combine two sub- 
systems of photon fields, that is the subsystem of two 
fields, which have definite P-parity (even and uneven) 
with the subsystem of two fields, which have definite t- 
parity (also even and uneven) into one system. In fact 
we obtain the proof for four component structure of EM- 
field to be a single whole, that is confirmation along with 
the possibility of the representation of EM-field in four 
component quaternion form, given by (|76l). ([77| . ([78| . 
([75)) . the necessity of given representation. It extends 
the overview on the nature of EM-field itself. It seems 
to be remarkable, that given result on the special leading 
significance of spin is in agreement with result in [T^ . 
where was shown, that spin is quaternion vector of the 
state in Hilbert space, defined under ring of quaternions, 
of any quantum system (in the frame of the chain model 
considered) interacting with EM-field. 

It is interesting, that the charge und current, being to 
be the components of 4- vector, which are transformed by 
corresponding representation of Lorentz group, are in- 
variants of hyperbolic dual transformations, that is, they 
are also Lorentz invariants in the case, when both charge 
und current are taken separately by \E\ = \H\. The proof 
is evident, if to take into account, that Lorentz transfor- 
mations are particular case of hyperbolic dual transfor- 
mations. It is seen immediately from the expressions for 
4-current and it means, that observers in various iner- 
tial frames will register the same value of the charge in 
correspondence with conclusion in It is connected 
with invariance of Lagrange equations and expressions 
for 4-current by multiplication of field functions on arbi- 
trary complex number, established in Sec.l, since by hy- 
perbolic dual transformations the multiplication of field 
functions on some complex number takes place. 



B. Quantized Cavity EM-Field 

The quantization of EM-field was proposed for the first 
time still at the earliest stage of quantum physics in the 
works where quantum theory of dipole radia- 

tion was considered and the energy fluctuations in radia- 
tion field of blackbody have been calculated. The idea of 
Born- Jordan EM-field quantization is regarding of EM- 
field components to be matrices. At the same time quite 
another idea - to set up in the correspondence to each 
mode of radiation field the quantized harmonic oscilla- 
tor, was proposed for the first time by Dirac [13] and 
it is widely used in quantum electrodynamics (QED) in- 
cluding quantum optics jisl , it is canonical quantization. 
Nevetheless at present in EM-field theory the first idea 
of quantization is also used. For instance, matrix rep- 



resentation of Maxwell equations in quantum optics [l8| 
corresponds to given idea. 

EM-field potentials are used to be field functions by 
canonical quantization. At the same time to describe free 
EM-field it is sufficient to choose immediately the observ- 
able quantities - vector-functions E{'r, t) and H{r, t) - to 
be field functions. We use further given idea by EM-field 
quantization. 



1. Time-Local Quantization of Cavity EM-Field 

We can start like to canonical quantization, from clas- 
sical Hamiltonian, which for the first partial classical so- 
lution of Maxwell equations is 



^™W = ^ /// VoEl{z,t) + ^loHl{z,t)\ dxdydz 



^ oo 



(V) 



mo.i'lqlit) 



Plit) 



Too 



where 



Pa = TO, 



' dt ■ 



(112) 



(113) 



So, taking into consideration the relationship for 
Hamiltonian ■^[^'(t) we set in correspondence to canoni- 
cal variables qa{t),Pa{t), determined by the first partial 
solution of Maxwell equations, the operators by usual 
way 



[(7a(0,g>(i)] = [M-t),M-t)]^0. 



(114) 



where a, (3 € N. Introducing the operator functions of 
time aa{t) and d'^{t) 



aa{t) 



1 



[rriaUJaqait) + ipa{t)] 



I (115) 

"■tit) = [maUaqait) - ipa{t)] , 

we obtain the operator functions of canonical variables 
in the form 



qa{t) 



{a+{t) + d^{t)] 



(116) 



Then EM-field operator functions are obtained right 
away and they are 



E{f,t) ^{J2J'^[a+{t) + da.it)] sin(/c„z)}4 

a— 1 



(117) 
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- a-ait)] cos{kaz)}ey 



(118) 

Taking into account the relationships (jll7l) . (jll8l) and 
MaxweU equations, it is easily to find an explicit form for 
the dependencies of operator functions aa{t) and aj(t) 
on the time. They are 



o^ait) — aa{t — 0)e^ 



(119) 



where aj(i — 0),aa{t = 0) are constant, complex- valued 
in general case, operators. 

Physical sense of operator time dependent functions 
aj^(t) and aQ.{t) is well known. They are creation and 
annihilation operator of the a-mode photon. They are 
continuously differentiable operator functions of time. It 
means, that the time of photon creation (annihilation) 
can be determined strictly, at the same time operator 
functions a'^it) and aa{t) do not curry any information 
on the place, that is on space coordinates of given event. 

It seems to be essential, that complex exponential de- 
pendencies in (|119p cannot be replaced by the real- valued 
harmonic trigonometrical functions. Really, if to suggest, 
that 



a+(t) = a+(t = 0) cos Uat, 



(120) 



then we obtain, that the following relation has to be tak- 
ing place 

[a+{t = 0)-a„(i ^ 0)]-i[a+(< = 0)+a„(t ^ 0)] = tancj„i. 

(121) 

We see, that left-hand side in relation (jl21|) does not de- 
pend on time, right-hand side is depending. The contra- 
diction obtained establishes an assertion. Therefore, the 
quantized Maxwellian EM-field is complex-valued field 
in full correspondence with pure algebraic conclusion in 
Sec.I. 

Consequently, there is difference between classical and 
quantized EM-fields, since classical EM-field can be de- 
termined by both complex-valued and real-valued func- 
tions. The fields E^'^\f,t),H^^^{f,t) can be quantized in 
much the same way. The operators a"a{t), a"^{t) are 
introduced analogously to (|115|) . 



a"a(t) = 



1 



[maUjQ,q a 



a"X{t) = [maUaq"a{t) - ip"a{t)] 

ZniriaUJa 

For the operators of field function we obtain 



(122) 



{ 



£1=1 



a"^{t) + a" a{t) sin(fcaz)}e 



(123) 



°° [hV r n (124) 

{E^/t7^H) a"l{t)-a\{t) cos{k^z)}e2. 



In accordance with definition of complex quantities we 
can built the following combination of solutions, satisfy- 
ing Maxwell equtions 

(^[11 (f, t), .^[2] (f, t)) ^ ^[11 (f, t) + (^^ t) = E{r, t), 

(125) 

(i/[2] (f^ i)^ (f^ t)) ^ (f, t) + (f, t) = iJ(r, t). 

(126) 

Consequently, the electric and magnetic field operators 
for quantized EM-field, corresponding to general solution 
of Maxwell equations, are 



OL — l 



(127) 



and 



a=l 



' huio 



i[d^[t)-at{t)\ 



(128) 



a" a{t) ~ a" ^{t) }cos(A:Qz)}e' 



It is substantial, that both field operators E{r,t) and 

H{f, t) are Hcrmitian operators. 

The method of EM-field quantization above consid- 
ered is in fact development of canonical quantization, 
proposed by Dirac. Further development can be made, if 
to take into account the independence and equal rights of 
all the coordinates x^ ^fi— 1, 4 in Minkowsky space ^i?4. 
Really all physical events are taking place on finite seg- 
ment of time. It leads in application to electrodynamics 
to diskretness of w- space of possible light frequences like 
to diskretness of fc-space, which is the result of finiteness 
of cavity volume. It is interesting that, Dirac himself has 
in [l3l written, that the theory proposed is not strictly 
relativistic, since the time everywhere is considered to 
be c-number instead of to consider it symmetrically with 
the space coordinates. From here follows unambiguously, 
that quantum electrodynamics, based on Dirac canonical 
EM-field quantization method is not fully relativistic and 
correspondingly it is not fully quantum theory. We will 
show in the next subsubsections the way to obtain fully 
quantum theory of electrodynamics. 



2. Space-Local Quantization of Cavity EM-Field 

We will consider for the simplicity the dependence 
of EM-field vector-functions the only on z-space coordi- 
nate, which is choosed in propagation direction in i?3 e 
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^i?4- The generalization on 3D-case is simple and will be 
not considered. Taking into account the independence 
and equal rights of all the coordinates a;^,/i = 1,4 in 
Minkowsky space ^i?4 we can also make Fourier trans- 
form on the segment [0, T], where T is fixed time value, 
that is to represent the EM-field vector-functions in the 
form 



y^^A'^qa{z)s\n{ujat) 



(129) 



Q = l 



A'^UJaCOs{uJat) J qa{z')dz' + Hao{t) 




(130) 



where qa{z),a G N, is a-th normal mode of the 4- 
dimensional cavity, which include time coordinate along 
with space coordinates, 



an 
cT 



A' 



Teo 



air 



(131) 



{i/ao(i)}j a S iV, is the set of arbitrary functions of 
the time. Then the Hamiltonian can be obtained taking 
into account the expressions for E\c\z,t), H\^\z,t) and 
integrating. So we will have 



oo 



dz 



(132) 

where the case with {i?ao(0} = 0, t G [0, T] for all a e iV 
is choosed and 



z 

Uz) = j qo.{z')dz'. 



(133) 



By redefition of the variables in accordance with relations 



q'Liz) = '^^^cq'aiz), 



p'^{z) = rriaUJ, 



dq'aiz) 
dz 



(134) 



the Hamiltonian G^^^z) will have the canonical form 



^ oo 



Kiz)? 



+ m^u:i[q':^iz)Y}. (135) 



It means, that space coordinates' dependent quantization 
of cavity EM-field can be realized in a similar manner 
with above described time dependent quantization. So, 
we can define quite analogously the quantization rules by 
the relationships 



[p"a{z),q"p{z)] = iXoSap 
[q\{z),q%{z)]^[p\{z),p%{z)]=0, 



(136) 



where a,PGN, Aq is analogue of Planck constant. It is 
evident from Ao-definition by (|136p . that Aq and Planck 
constant have the same dimension, however their numeri- 
cal coincidence seems to be unobvious, since Planck con- 
stant characterizes the "seizure" of the time by propa- 
gating of EM-field, while Aq characterises the "seizure" 
of the space. 

The operators d"a(z), a"^(z) are defined also analo- 
gously to operators Ua (t) , d+ (t) and they are 



a"a{z) = ,^ ^ . = [inaU!aq"a{z) + ip" a{z)] 
^/ZniaAQUJa 

a"ai^) = ^. = [maUJaq"a{z) - ip" a{z)] 



(137) 



The dependencies of given scalar operator functions on 
coordinate z in an explicit form for Maxwellian EM-field 
can be easily obtained by means of solutions of Maxwell 
equations and they are 



a+(z) = d+(0)e^'=°^ 
a„(z) = a„(0)e-^'=°^ 



(138) 



where dj(0), 0,0(0) are constant, complex- valued in gen- 
eral case, operators. Let us remark in passing, that the 
dependencies (|138p on z-coordinate are similar to depen- 
dencies a^{t), aa{t) on time, which are given by (|119p . 

From relationships (jl37p we obtain the expressions for 
operators of canonical variables q" a{z) and p" a{z) in the 
form 



q\{z) 



p"a{z) = i 



Ao 



2maUJa 

niaXoUJa 



d"+(z) + a"„(z) 



(139) 



a"l{z)-a\{z) 



Then it is easily to show, that Hamilton operator G^^l (z) 
can be represented in the simple form 



GW(z) = ^Aow„ 



d"^(z)d"Q(z) + 



(140) 



which determines physical meaning of the operators 
d"o(z) and d"a{z). It is evident, that they are opera- 
tors of creation and annihilation of the photon at space 
coordinate z. So, we see, that it is possible by space coor- 
dinates' dependent quantization to determine the place of 
photon creation (annihilation), however it is impossible 
to determine the time of photon creation (annihilation) . 
Therefore we have reverse picture to the case of the time 
dependent quantization, where (see previous Subsection) 
it is possible to determine the time of photon creation 
(annihilation) and it is impossible to determine the place 
of photon creation (annihilation). The view of (jl40|) . 
which is coinciding with view of known expressions for 
canonical quantization, if Aq to replace by ft, confirms 
the conclusion, that dimension of constant of space coor- 
dinates' dependent quantization and dimension of Planck 
constant are identical, that is [Aq] = [h]. 
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From relationships (|137l) and (|136|) we can obtain the 
expressions for commutation relations of the creation and 
annihilation operators a"~^{z) and a" a{z)- They are 



a" a{z), a"^(z)] = eSap, 



(141) 



where e is unit operator, a,j3 G N. 

It seems to be evident, that the second case of EM- 
field quantization, that is space coordinates' dependent 
quantization is acceptable for the quantization of any 
Coulomb field, which has nonzeroth curl, that takes place 
in in ID and 2D systems. It was passed earlier for im- 
possible to quantize any Coulomb field, see for exam- 
ple [131 • The quantization of Coulomb field in lowdi- 
mensional aforesaid systems corresponds to the presence 
of own life of radiation Coulomb field in given systems, 
that is Coulomb field in lowdimensional systems has the 
character of radiation field and it can exist without the 
sources, which have created given field. Given conclusion 
seems to be substantial to gain a better understanding, 
for instance, of the properties of organic conductors, per- 
fect nanowires and nanotubes, graphene and the systems 
like them, including ID and 2D biological subsystems. 

The expressions for the operators of vector-functions 
of EM-field arc similar in their structure to expressions, 
given by (IT?7| . (in5| and they are 



Ten 



a"^{z) - a"a{z) }ex 
(142) 



and 



ffW(f,t) = {- 




cosa;„i 



a"„ (z) + a"a{z) }ey. 

(143) 

We see, that the field operators E^^\f,i) H^^\r,t) are 
local operators in the space i?3, that allows to enter the 
photon wave function in coordinate representation, that 
is, to solve the problem, which was accepted to be un- 
solvable in the principle [ll,[ll,[23l. 



3. Space-Time Local Quantization of Cavity 
EM-Field 

Let us consider general case, corresponding to discrete 
both cj-space of possible light frequencies and fc-space of 
light wave vectors, which are result of finiteness of 4- 
cavity space volume and time segment. Let us find the 
relations for EM-field vector-functions. In the case of 
cavity electrodynamics considered we have two II? ranges 
of variables t and z, which belong to segments t € [0, T], 
z G [0,L], that is, there is in fact to be given 2D-range 
D(t,z), which can be considered to be definitional domain 
of vector-functions E{r, t) and H{r, t) of two variables t 
and z. In the case, when given functions are absolutely 
integrable over both the variables t and z, they can be 



represented in the form of multiple series, given by the 
relations 



(144) 



a=l B=l 



and 



oo oo 



a=l 13 = 1 



qp{z')dz')ey, (145) 



where {qa{t)}, {qp{z)}, a, 13 £ N are two systems of 
orthogonal functions, are coefficients in given 

expansions, which depend on both the indices a and /?. 
Both two-fold series will be two-fold Fourier series, if the 
sets {qa{t)}, {qf;{z)} are two orthogonal systems of har- 
monical trigonometric functions. It is evident, that the 
sets {qa{t)}, {qi3{z)} are independent each other and pro- 
duce bases with Hq dimension in the metrizable complete 
spaces L2, which are therefore Hilbert spaces. It follows 
from physical meaning in the case of definite direction of 
propagation, that between the bases {qa{t)}, {qpiz)} and 
correspondingly between both Hilbert spaces the map- 
ping 



F : {q^{t)} -> {q^{z)} 



(146) 



is isomorphism, at that if there is preferential (prop- 
agation) direction in ^i?4-space, both the sets have to 
be ordered in correspondence with running numbers. It 
means, that 



00 

{J2K''Qa{t)qc{z)}e, 

a=l 



(147) 



and 



^(^^'^) = {EE^^' 

a=l fS=l 



ndqait) 



ft—^jf- I qii{z')dz'}ey = 



iz.^- J 



(148) 



qa{z')dz'}ey, 



where A^^ , A^ are coefficients in given expansions, 
which depend now the only on index a. We have con- 
sidered the mathematical aspect. Physically the insert 
of Kronecker symbol Sap in double sum in (jl44|) . (|145|) 
corresponds to renumbering of the massive {/?} in that 
way, in order to a and /3 have run the sets {a} and {/3} 
synchronously one after another of number growth. It 
is additional requirement, since although both the sets 
{a} and {/?} have the same cardinal number Hq and al- 
though the mapping p46p in view of its biectivity gives 
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one-to-one relation between both the sets, it can be real- 
ized along with synchronous running above indicated by 
infinite number of asynchronous running. The choice of 
synchronous running is determined by causality principle 
- the photons by their propagation synchronously "lock 
on" the space and the time. It means in its turn, that full 
local quantization of EM-field becomes to be possible. 

It can be shown, that along with expression for H{f, t), 
given by (jl48p . z-coordinate part can be represented in 
more symmetrical form like to i-coordinate part in 
that is 



u 1 dqa{t) ( 1 dqa{z) 



dt \ ka dz 
where t e [0, T], z G [0, L] and X'J^ is 

"H 



A 



}ey, (149) 



(150) 



For E(f, t) we retain the relation, given by (jl47p . in which 
t e [0,r], z e [0,L] and X'J^ is 



A 



''E 



(151) 

It seems to be essential, that the segment [0,r] is not 
arbitrary, T has to be equal to that ensures the syn- 
chronization above discussed of the EM-field propagation 
in the space and in the time. Then discretness of w- space 
will correspond to discretness of fc-space. 

Let us designate 

qa{z)qa[t) = qa{z,t), 
dqa{t) 



" dt 
1 dqa{z) 



(152) 



/lq dz 

Pa{z)Pa{t) =Pa{z,t). 

Then classical Hamiltonian density is 



E 



eoVT 



qa{z,t) 



Mo 



E 



1 



_a=l 



-{E ^'^"'"""^ 



2 VT 

a — 1 



ql{z,t) + 



Pa{z,t) 



(153) 



EE 



VT 



^mavapqaiz, t)qp{z, t) + 



a=l 



Pa{z,t)pi3{z,t)} 



It seems to be evident, that by integration over 4- 
volume both the items with double sum will give con- 
tribution, which is equal to zero. It is consequence 
of orthogonality of the functions {qa{t)}, {qfs{z)}. It 
means, that the Hamiltonian density can be choosed in 
the canonical form 



maUjlql{z,t) + 



Pliz.t) 



(154) 



Then following Dirac canonical quantization method, we 
have 



[Pa{z,t),qi3{z,t)] = ig''^\z,t)5ai} 
[qa{z,t),qp{z,t)] = [pa{z,t),pi3{z,t)] = 0, 



(155) 



It is substantial, that instead scalar value we have 
^^^■*(z, i), that is operator function of the variables z and 
t. Really, taking into account (|152l) . we obtain 



[Pa{z,t),qfi{z,t)] = [pa{z)pa{t),qi3{z)qii{t)] = 



(156) 



ih5al3Pa{z)qp(z) + iXo6al3Pait)qp{t) 

Therefore, g*^^^(z,i) is 

g(l)(z,t) ^ i5ai3[fipa{z)qfj{z) + XQPa{t)qi3{t)] (157) 

It is seen, that g*^^^(z,t) is dependent on both the se- 
quence of indices a, /3 (in distinction from usual case) 
and on the sequence of operator functions in (I157p . In 
other words there are else three operator functions of 
analogous structure. They are 

g^^\z,t) = -iSa^[hpa{z)q^{z) + XoPa{t)<i^it)] (158) 
g^^Hz,t) - iS^f)[hpp{z)q^{z) + XoPf}{t)qait)] (159) 

g'-'^Hz,t) = -idc,i3[hpi3{z)qc,{z) + XoPi3{t)qc,{t)] (160) 

It seems to be convenient to define symmetrized operator 
g by all the four g'^^\z^t) , j = 1,4, functions, that is 



1 4 



(161) 



which is scalar, multiplied on unit operator. So 

9 = -hXo (162) 
The operator functions aa{z^t) and a'^{z,t) 
1 



da(z,t) 



aliz.t) 



\/2hXQmaUJo 



1 

y/2hXQmaUJa 



[maUJaqa{z,t) + ipaiz,t)] 



(163) 



[maUJaqa{z, t) - ipa{z, t)] 



(164) 



18 



Then the operator functions of canonical variables have 
the form 

qa{z,t) = J [at{z,t) + a„{z,t)] (165) 



It is easily to show, that operator functions aa(z,i) and 
at{z,t) satisfy the following relation 



(167) 



Taking into account the expressions for E^f, t) and 
H{f,t), given by (|147p . (I149p . we have for operators of 
EM-field vector functions 



OO 
OO 



(168) 



a=l 



hXo 



2maUJa 



[a+(z,^) + aa{z,t)]}ex 



and 



7?(r,t)=={£A: 



1 dqa{t) ^ 1 (iga(z) ^j 
Wr, dt ka dz ^ 



OO 

iYl ^""^ p„(t)Pa(2))}ej„ 



(169) 



which using the relations (|152p (I166P can be rewritten 



aa(z,i)]}e 



(170) 



2maUJa 



Therefore by means of operator functions a+(z,i), 
da{z,t) the local quantization of EM-field is realized, 
which allows to determine simultaneously along with 
time of creation (annihilation) of photons the space co- 
ordinate of given process. 



C. Cavity 4-Currents 

It represents the interest to calculate the 4-currents 
for given task. Let us place all the vector-functions in 
pairs in accordance with their parity. Then we have the 
following pairs 

(^[11 (r, t),m (r, t)), {m (f, t),m (r, t)) (171) 



in which both the vectors and 7J- vectors have the same 
space parity (polar and axial correspondingly) and differ 
each other by t-parity, t-even and t-uneven in accordance 
with their numbers in pairs. It means, that they trasform 
like to X4 and xi coordinates in ^R^. In a similar man- 
ner can be set the vector-functions with opposite to the 
vector-functions in (11711) space parity 

(^[3] (^^ ^[4] (^^ (^[4] ^[3] (172) 

Then taking into account the definition of complex quan- 
tities to be pair of real defined quantities, taken in fixed 
order, we come in a natural way once again to concept 
of complex vector-functions, which describe Maxwellian 
EM-field equations. In other words, we have in fact the 
quantities 



and 



m{r,t) + tE^^\r,t) = E,,,{r,t), 
m{r,t) + im{r,t) = H,.p{r,t), 



(173) 



(174) 



where complex plane put in correspondence to (y, z) real 
plane, subscripts a and p mean axial and polar respec- 
tively. It seems to be convenient to determine the space of 
EM-field vector-functions under the ring of quaternions 
with another basis in comparison with basis, given by 
([701) . We will use now the quaternion basis {e^}, i = 0, 3 
with algebraic operations between elements, satisfying to 
relationships 

(175) 

where e.^fe is completely antisymmetric Levi-Chivita 3- 
tensor. 

Let us define the vector biquaternion 

$ = (^[11 + i?[2l) + + ^[2])^ (176) 

which can be represented to be the sum of the biquater- 



$ = F + F, 



(177) 



where F = B^^+i{H^^\F = ^I^] +i£;[2]. Then Maxwell 
equations for instance for two free photon fields with dif- 
ferent t-parity are 



^ 0. 



(178) 



The generalized Maxwell equations in quaternion form 
with quaternion basis, given by (|70p . can also be rewrit- 
ten in fully quaternion form, if to use both the bases. It 
seems to be consequence of independence of basis defini- 
tion for both the quaternion forms. 
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1. Classical Cavity 4- Currents 



It is evident, that 



(2) 



(179) 



where subscript ± corresponds to two possibihties for 
definition of complex vector-functions. Afong with rela- 
tionships (I173p . (I174p they can be defined by the change 
of addition sign in (|173p . (|174p to opposite. The quantity 
j^^}j.{x) is well known quantity, and it is determined by 



le 
he 



EE 



dL{x) 



le 
he 



EE 



dL{x) 



d{d^ui'-^{x)) " 



(x) 



(180) 



where L{x) is Lagrange function and M^'^(a;), s = 1, 2 are 
'u^d^i^) = yeo^f sinA;Q(a;3)[gQ(a::4) ± iq^{xi)\ 

"a (2;) = VMO^a C0Sfca(a;3)[-g „(X4) ± ? -1 J 

(181) 

The functions u^'^(a;),s = 1,2, a e are built from 
the components of the expansion in Fourier series of the 
fields E^^\f,t),E^'^\r,t) and H^^\f,t),H^^^{f,t) corre- 
spondingly. 

(2) 

To determine the current density jli/±{x) we have to 
take into consideration, that gauge symmetry group of 
EM-field is two-parametric group r(a,/3) — Ui{a) (g) 
5K(/3), where 9l{f3) is abelian multiplicative group of real 
numbers (excluding zero). It leads also to existence for 
EM-ficld of complex 4-current densities including com- 
plex charge density component. Since the current density 

■(2) f X • 



he 



le 
he 



EE 



oo 2 

EE 

a— 1 s— 1 

dL{x) 
ddfj,ulf''^{x) 



dL{x) 



x) 



(182) 



It can be easily shown, that jl'^{r,t) is always equal 
to zero for any set of twice continuously differentiable 
functions {qa{t)},a € N. The expression for arbi- 
trary set of twice continuously differentiable functions 



{q^{t)},ae NJOT jl^if,t) is 
2ie 



he^V 



maUJ^ sin2fco 



l\qo,{t)±iujl J J q^{t')dt'dt 




//1 2 



(183) 



i dqajt) 

dt 



The relationship (I183P is true for both the variants in 
superposition 

m (f, t) + im (f, t) = (r, t),i^j,i,j^i, 2. 

(184) 

Taking into account relationship (1571) . that is the set 
{'Za(i)}:« G -^i which satisfy the Maxwell equations we 
will have 



8ie \ - 3 • r,, 

mQa;„sm2fcaZX 

f^i (185) 



the expression for arbitrary set of twice continuously dif- 
ferentiable functions {qa{t)},a £ N, for jl'^{f,t) is 



2e 
heW 



TOaW^jsin^ fca 



dt 



± i- 



dt 



'ql{t)±ql (t)] 



-cos' ^±zc,„g;(t)]x 



1 ^^^(t) 



' UJn dt"^ 
t 



(186) 



dt 



Ti^a j qa{t'dt'] 



^l(Pq^{t) 



UJa dt^ 

1 dq*Jt) 



± «WQga(t)]x 



(jJn dt 



t t" 



where (Zc((*) — 1 1 qa{t')dt' dt" . It is evident from re- 







lationship (|186p . that in the case of real- valued sets of 
twice continuously differentiable functions {qa{ty\,a G 
A^i is equal to zero. For complex- valued func- 

tions, determined by (|87p . we will have 



8ie \ ^ 



m^iulilCio.l'' ~\C2c.\'')- (187) 



It is seen from (|187p . that jl'^{'r,t) in the case of 
Maxwellian EM-field is constant, which is equal to zero 
at |Cia| = |C2a|, that is for all real- valued functions and 
for complex- valued functions {qa(t)}, a £ N, which differ 
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each other by arguments of constants Ciq and C2a 



t t" 



dt 

t t" 



^tjtilf I qo.[t')dt'dt"\^)Tj^[q.{t) I I q*^{t')dt'dt" 











t t" 



± ^baC*) / / qa{t')dt'dt"]iiui + rrio^uji cos^ k^z 



(188) 



For complex- valued functions, determined by (|87p . we 
obtain 



■?4' (r, i) = 2^ m„w„ COS 2fcQ 



Q = l 



It can be shown, that continuity equation 







(189) 



(190) 



is fulfilled for both general case and for Maxwellian EM- 
fleld functions considered. 



D. Quantized Cavity 4-Currents 

Let us calculate the 4-currents, which correspond to 
quantized dually symmetric EM-field, that is to the field, 
which consist of two components with even and uneven 
parities under time reversal or space inversion of both the 
EM-field vector functions i5(r, t) and H{r, t). Let us con- 
sider for distinctness the case of two-component EM-field, 
in which E{r,t)- components and H{f,t)- components 
have the same P-parity (uneven and even corresondingly) 
and differ each other by i-parity. Given choose corre- 
sponds to classical consideration inprevious subsection, 
that allows to compare the results for classical and quan- 
tized dually symmetric EM-field. Consequently, we can 
use the set of EM-field vector functions, analogous to 
(|18ip . in which the operator functions are set up in con- 
formity to canonical variables. 

u^'^{x), s = 1, 2 are 



^a^{x) = VJM)A" C0Ska{x3)x 

[-q a[X4:) ± I 62, 

LOa dXA 



(191) 



where ei = e^, 62 = e^, q'aixA), Qai^-i) operator 
functions, which are setting up in the conformity to clas- 
sical variables q'a{x4), qa{x4), defined by (|93l) . They are 



(192) 



g^(i) J qa{r)dT 


t 





correspondingly. The functions u^'^(a;),s = l,2,a g 
can be built from the components of the expansion in 
Fourier series of quantized dually symmetric EM-field, 
which consist of two components with even and un- 
even parities under time reversal E^^\r,t)^E^'^\r^t) and 
H^^^f,t),H^^\f,t), given by ([728]) . Therefore we have 



+ i d"a{t) + d"^{t) }sm{kaz)}ea:, 



(193) 



■iHr,t) = ^{[d^{t)-dt{t)] 
d"a{t) - d"^{t) } cos{kaz)}ey, 



+ 1 



(194) 



where superscript ± means, that in (|125p and (|126p by 
definition of complex EM-field vector function operators 

E{f, t) and H{r, t) along with the sign plus, the sign mi- 
nus can be used. We also consider the case of H{r, t) 
formation along with given by (|126p (with both the signs 
in the sum) the following case 

(i?[il (r, i), tIi^I (r, t)) ^ (r, t)±iH^^'^ (f, t) = 7?±(r, t). 

(195) 

It seems to be evident, that 4-current operator can be 
determined by the expressions, coinciding with classi- 
cal relations (fT79)) . ([T82]) in which ah the physical 
quantities are operators. For the operator jl'^{r,t) we 
have 



le 

2cV 



kaUJa sin 2ki^i 

{\i[a\{t)~d"l{t)\T[ao.{t)-al{t)\ p + 
i^\i\d\{t) - d"l{t)\ T [a„(t)-a+(t)] 



(196) 



which is equaled to zero. The same result is obtained in 
the case of magnetic field operator, determined by (jl95l) . 
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For the operator j'^'^{r,t) we obtain the relation 



"2,±/ 



Js' "(^'0 = I'mjf{r,t) = - ^ X! fcaWaSin2fcQ 

a— 1 



zx 



(197) 



which is the same for magnetic field operator, deter- 
mined by (I195p . Therefore the operator of current density 
jf (r , t) is independent on sign in expressions for the field 
operators, based on (|128p and it is independent on the 

sequence of (r, i), i = 1, 2, in 



i7^J± (r, t) = (f, t) ± (f, t). 



(198) 



where i, j = 1,2, i ^ j. 

It seems to be essential, that EM-field quantization 
is not binded to Maxwell equations in general case. It 
means, that the relations (|196p . (|197p are true for more 
general fields. In the case of Maxwellian EM-field, using 
explicit expressions for operator scalar functions given 
by (|119p for (t) , a J (t) and similar relations for a!' ^ (t) , 
a"^{t) the expression (|197p has the form 



2,± 



(f, t) = Imjf{f, t) = 7F 2_/ sin2fc, 



cV 

a— i 

[a+(t = 0)]V"°*- 



{[a„(i = 0)]2e-'-' 
[a"„(t = 0)]2e-*"°* + [a"l{t = 0)]2e*"°*}. 



(199) 



Let us find now the fourth component of 4-vector op- 
erator of current density j^{r,t), which determines the 



charge density. For real part jl''^{f,t) we have 
jl'^i^,*) = Rejt{r,t) = 

OL—1 

(200) 



where the expressions in braces are anticommutators. In 
the case of there is the connection between aa{t), a+(i) 
and a"a{t), a"^{t), since although they correspond to 
different particular solutions of Maxwell equations, the 
solution are related and the connection between them can 
be found. It leads to connection between corresponding 
creation and annihilation operators for two related EM- 
fields with different t-parity. It can be shown, that the 
following relations take place 



a\{t)^iul J [J a^[t')dt']dt 





at it) 



t t 

at{t')dt']dt 





(201) 



Then taking into account expressions for operator scalar 
functions given by (11191) for aa{t), a^it) and similar re- 
lations for d"a{t), o,"t{t) we obtain from (|200p . that for 
Maxwellian EM-field Rejf{r,t) is equal to zero. There- 
fore we see, that all real part of 4-vector j^(r, i) is equal 
to zero. It corresponds to well known case of nondual 
single charge electrodynamics. 

For imaginary part j^'^ir, t) we have the relation 

".2,± 



OL — 1 



a"a(i)]^}cos2fc„z - 2a;^e], 



(202) 



from which the relation for Maxwellian EM-field can be 
obtained in the manner, analogous to obtaining of ex- 
pression (|199p . 

Let us verify the implementation of differential conser- 
vation law 



0. 



(203) 



Taking into account (|197p and (|202p in the case of 
Imj^ ±{x) we have 



He 



dx3 



dxA 



^ > ] klcu^ cos2fc„z{[[a„(i)]" + [a+(t)]2- 



cV ^ 

Q — 1 



(204) 



[d\{t)r 

~-.ll i-j-MZ 



[a"l{m - [[da{t)Y 

Here the commutation relations 

[««(<), a+(i)] = e,a e iV, 
and the relations 



dciait) 
dt 



in 



(205) 



(206) 



where Ha (t) is the Hamiltonian, corresponding to cavity 
a-mode. It is given by relation 



Hait) = hwa 



at{t)da{t) 



(207) 



For calculation of derivatives of operators aj(i), a"a{t), 
a"t{t) the relations analogous to (|206p were used. Tak- 
ing into account (PD(I|) . ((205)) . (^05]) . (^07)) in the case of 

Rej^i,±{x) we have 



dx4 



d[Rej^{x)] 
dxf_, 

r, OO 



(208) 
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Therefore differential conservation law, given by (|203l) . 
is fulfilled both for Maxwellian EM-field and in general 
case. 

IV. CONCLUSIONS 

It is shown on the basis of complex number theory, 
that any quantumphysical quantity is complex quantity. 

Additional gauge invariance of complex relativistic 
fields was found. It is based on invariance of general- 
ized relativistic equations under the operations of addi- 
tional gauge symmetry group - multiplicative group D\ 
of all real numbers (without zero) and leads to appear- 
ance of purely imaginary component of charge. So, it was 
shown, that complex fields are characterized by complex 
charges. It gives key for correct generalization of field 
equations, in particular for electrodynamics. In appli- 
cation to EM-field it means that two-parametric group 
T{a, 13) = Ui{a) (X) 9^(/3) determines the gauge symmetry 
of EM-field and that free real EM-field is characterized 
by purely imaginary charge. 

Additional hyperbolic dual symmetry of Maxwell equa- 
tions is established, which includes Lorentz-invariance to 
be its particular case. The essence of additional hyper- 
bolic dual symmetry of Maxwell equations is that, that 
Maxwell equations along with dual transformation sym- 
metry, established by Rainich, given by ([55]) - ([5^ . are 
symmetric relatively the dual transformations of another 
kind. Hyperbolic dual transformations for electric and 
magnetic field strengh vector functions are 







cosh d i sinh 




■ E ' 


H" 




— zsinhz? coshi? 




H 



(209) 



where ?9 is arbitrary continuous parameter, e [0, 2tt]. 

Generalized Maxwell equations are obtained on the 
basis of both dual and hyperbolic dual symmetries of 
EM-field. It is shown, that in general case both scalar 
and vector quantities, entering equations, are quaternion 
quantities, four components of which have different par- 
ities under improper rotations. 

Invariants for EM-field, consisting of dually symmetric 
parts, for both the cases of dual symmetry and hyperbolic 
dual symmetry are found. It is concluded, that Maxwell 
equations with all quaternion vector and scalar variables 
give concrete connection between dual and gauge sym- 
metries of EM-field. 



The example of free classical and quantized cavity EM- 
field is considered. It is shown, that the same physical 
conserving quantity corresponds to both dual and hyper- 
bolic dual symmetry of Maxwell equations. It is spin in 
general case and spirality in the geometry choosed, when 
vector E is directed along absciss axis, H is directed along 
ordinate axis in (E, H) functional space. Spin takes on 
special leading significance among the physical charac- 
teristics of EM-field, since the only spin (spirality in the 
geometry considered) combine two subsystems of photon 
fields, which have definite P-parity (even and uneven) 
with the subsystem of two fields, which have definite t- 
parity (also even and uneven) into one system. It is con- 
sidered to be the proof for four component structure of 
EM-field to be a single whole, that is, it is the confir- 
mation along with the possibility of the representation 
of EM-field in four component quaternion form, given by 
((76)) . (|77)) . d78l) . (|79)) . the necessity of given representa- 
tion. It extends the overview on the nature of EM-field 
itself. It seems to be remarkable, that given result on the 
special leading significance of spin is in agreement with 
result in p^ . where was shown, that spin is quaternion 
vector of the state in Hilbert space, defined under ring of 
quaternions, of any quantum system (in the frame of the 
chain model considered) interacting with EM-field. 

New principle of EM-field quantization is proposed. It 
is development of canonical Dirac quantization method, 
which is realized in two aspects. The first aspect con- 
sist in choosing of immediately observable quantities - 
vector-functions i?(r, t) and H{f, t) - to be field func- 
tions. The second aspect is the realization along with 
well known time-local quantization of space-local quan- 
tization and space-time-local quantization, which allow 
to establish correspondingly the time of photon creation 
(annihilation), the space coordinate of photon creation 
(annihilation) and the the space and time coordinates 
simultaneously of photon creation (annihilation). It is 
shown, that Coulomb field can be quantized in ID and 
2D systems, that is, it is radiation field in given low- 
dimensional systems. 

It is found, that quantized Maxwellian EM-field is the 
only complex- valued field. Consequently, there is dif- 
ference between classical and quantized EM-fields, since 
classical EM-field can be determined by both complex- 
valued and real- valued functions. 
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It has been shown, that electromagnetic field (EM) has in general case quaternion structure, 
consisting of four independent fields, which differ each other by the parities under space inversion 
and time reversal. It follows immediately from Rainich dual symmetry of Maxwell equations and 
additional hyperbolic dual symmetry, established in given work. It has also been shown, that for 
any complex relativistic field the gauge invariant conserving quantity is two-component scalar or 
pseudoscalar value - complex charge. It means in applicability to EM-field, that its gauge symmetry 
group is determined by two-parametric group T{a,l3) = Ui{q) (g) fH;(/3), where SH(/3) is abelian 
multiplicative group of real numbers (excluding zero). Generalized Maxwell equations for four- 
component EM-field are obtained on the basis of its both dual and hyperbolic dual symmetries. 
Invariants for EM-field, consisting of dually symmetric parts, for both the cases of dual symmetry 
are found. It is shown, that the only one physical conserving quantity corresponds to both dual 
and hyperbolic dual symmetry of Maxwell equations. It is spin in general case and spirality in the 
geometry, when vector E is directed along absciss axis, H is directed along ordinate axis in {E, H) 
functional space. In fact it is the proof for four component structure of EM-field to be a single whole, 
that is confirmation along with the possibility of the representation of EM-field in four component 
quaternion form the necessity of given representation. It extends the overview on the nature of 
EM-field itself. 

PACS numbers: 42.50.Ct, 61.46.Fg, 73.22.-f, 78.67.Ch, 71.10.Li, 73.20.Mf, 63.22.-|-m 



I. INTRODUCTION AND BACKGROUND following [4 x 4]-matrices, so called [0,l]-matrices, can be 

basis of complex numbers 

A. Matrix Algebra of Complex Numbers and its 
some Consequences for Quantum Theory 



Let us summarize some useful results from algebra of 
the complex numbers. The numbers 1 and i are usually 
used to be basis of the linear space of complex numbers 
over the field of real numbers. At the same time to any 
complex number a -\- ib can be set up in conformity the 
[2 X 2]-matrix according to biective mapping / 



The matrices 





a ~b 


a + «5 — > 






b a 


"10' 
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(1) 



(2) 



produce basis for complex numbers {a -f ib}, a,b R 
in the linear space of [2 x 2]-matrices, defined over the 
field of real numbers. It is convenient often to define the 
space of complex numbers over the group of real positive 
numbers, then the dimensionality of the matrices and 
basis has to be duplicated, since to two unities - positive 
1 and negative —1 can be set up in conformity the [2 x 2]- 
matrices according to biective mapping s 
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which allows to recreate the operations with negative 
numbers without recourse of negative numbers them- 
selves. Consequently, in accordance with mapping <^ the 
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(4) 



The choise of basis is ambiguous. Any four [4x4] [0,1]- 
matrices, which satisfy the rules of cyclic recurrence 



I, I 



(5) 
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can be basis of complex numbers. In particular, the fol- 
lowing [4 X 4] [0,l]-matrices 
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can also be basis of complex numbers. Naturally, the 
set of [0,l]-matrices, given by ^ is isomorphous to the 
set, which is given by (jlj. It is evident, that the sys- 
tem of complex numbers can be constructed by infinite 
number of the ways, at that cyclic basis can consist of m 
units, m € N, starting from three. It is remarkable, that 
the conformity between complex numbers and matrices 
is realized by biective mappings. It means, that there 
is also to be existsting the inverse mapping, by means 
of which to any squarte matrix, belonging to the linear 
space with a basis given by (0]), or ©, or any other, sat- 
isfuing the rules of cyclic recurrence like to ([S]), can be 
set up in conformity the complex number. In particular 
to any Hermitian matrix H can be set up in conformity 
the complex number in correspondence with mapping ^ 



^■.H^S + iA 



S -A 
A S 



(7) 



where S and A are symmetric and antisymmetric parts 
of Hermitian matrix. Given short consideration allows to 
formulate the following statements. 

1. Quantized free EM- field is complex field in general 
case. 

Proof is evident and it is based on (O, if to take into 
account, that quantized free EM-field can be determined 

by Hermitian operators E(r,t) and H{f,t), representing 
themselves the full set of quantized free EM-field operator 
vector-functions, that is, they can serve for basis in cor- 
responding operator vector- functional space (see Sec. II). 
Given statement can be generalized. 

2. Any quantumphysical quantity is complex quantity in 
general case. 

Proof is evident and it is based on the same relation- 
ship, since any quantumphysical quantity is determined 
by Hermitian operator. Therefore, two sets of observ- 
ables, which are determined by real functions, corre- 
spond to any quantumphysical operator quantity in gen- 
eral case. 



Additional gauge invariance of complex 
relativistic fields 



We will argue in the next Section, that EM-field in the 
matter can be considered in general case to be complex 



field, each component in which is also complex field, that 
is, it has quaternion nature. In given Section we will 
prove the idea, that for any complex field the conserved 
quantity, corresponding to its gauge symmetry, that is 
charge, can be in general case also complex. 

Let u{x) = { Ui{x) }, i = 1, n, the set of the functions 
of some complex relativistic field, that is, scalar, vector 
or spinor field, given in some space of Lorentz group rep- 
resentations. It is well known, that Lagrange equations 
for any complex relativistic field can be represented in 
the form of one matrix relativistic differential equation of 
the first order in partial derivatives, that is in the form 
of so called generalized relativistic equation, and anal- 
ogous equation for the field with Hermitian conjugated 
(complex conjugated in the case of scalar fields) functions 
M+(x) — { u^(x) } . The equation for the set u{x) of field 
functions is 



(q!^9^ + KaQ)u{x) = 0. 



(8) 



Similar equation for the field with Hermitian conju- 
gated (complex conjugated in the case of scalar fields) 
functions, that is for the functions u^{x) — {^ul{x) }, 
i = 1, n, is 



d^u^ {x)a^ + nu^{x)aQ — 0. 



(9) 



In equations ([U |9l) a^^ao are matrices with constant 
numerical elements. They have an order, which coincides 
with dimension of corresponding space of Lorentz group 
representation, realized by {ui{x)}, i = In partic- 
ular, they are [n x n]- matrices, if {ui{x) }, i = l,n are 
scalar functions. It is evident, that the transformation 



u'{x) = l3exp{ia)u{x), 



(10) 



where a, /3 G i?, and analogous transformation for Hermi- 
tian conjugate functions (or complex conjugate functions 
in the case of scalar fields) 



(x) — (3exp{—ia)u'^ {x) 



(11) 



keep Lagrange equations (j8l 91) to be invariant. It is un- 
derstandable that transformation of field functions by 
relationships (ITO|) . (fTTj) is equivalent to multiplication of 
field functions by arbitrary complex number. It is well 
known, that given linear transformation is the simplest 
example of isomorphism of corresponding linear space, 
which is given over the field of complex numbers, onto 
itself, that is, in the case considered the relationships 
(1101 111) give automorphism of the space of field functions. 
Automorphism of any linear space leads to some useful 
properties of the objects, which belong to given space. 
For instance, if to set up in a correspondence to the 
space of field function the affine space, then conservation 
laws of coUinearity of the points and of simple relation 
of the triple of collinear points will be fulfilled by auto- 
morphism in given affine space. Consequently, we have 
to expect the physical consequences of given algebraic 
property in the case of physical spaces. Conformably to 
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the case considered we have in fact gauge transformation 
of field functions, which is more general in comparison 
with usually used. The set {j3exp{—ia) for all possible a, 
P £ R produces the group F, which is direct product of 
known symmetry group Ui, and multiplicative group $H 
of all real numbers (without zero) . Therefore, in the case 
considered the symmetry group of given complex field 
acquires additional parameter. So, we will have 



(12) 



Let us find the irreducible representations of the group 
£H(/3). It has to be taken into account, that the group 
*H(/3) is abelian group and its irreducible representations 
T(9^) are onedimensional. So, the mapping 



T : $n ^ r(fR) 



(13) 



is isomorphism, where T(l) — 1. Therefore, for V(/3, 7) of 
pair of elements of group ^H(/3) the following relationship 
takes place 



T(/3,7) = r(/3)T(7). 
Then, it is easy to show, that 

T(/3) = /3w(i). 

T(-/3) = -r(/3) 



(14) 



(15) 



The value can be obtained from the condition 



(16) 



Consequently, we have 

r(/3) = /32fc+i = exp[{2k + l)lnl3], (17) 

where k € N. Then irreducible representations of the 
group r(a, /3) represent direct product of irreducible rep- 
resentations of the groups Ui{a) and 9^(/3) 

r(C/i(a)) (g) r(<H(^)) = exp{~ima)exp[{2k + l)?n/3], 

(18) 

where m,k — 0, ±1, ±2, ... . 

It is clear, that some conserved quantity has to cor- 
respond to gauge symmetry of the field, which is deter- 
mined by the group lH(/3). Thus we arrive at a formula- 
tion of the following statement. 

3. Conserving quantity - complex charge, which is in- 
variant under total gauge transformations, corresponds 
to any complex relativistic field (scalar, vector, spinor). 

Proof. 

Really, since generalized relativistic equations are in- 
variant under transfomations (|10l lip and variation of ac- 
tion integral with starting Lagrangian is equal to zero, 
then variation of action integral with transformed La- 
grangian in accordance with (|10l lip will also be zero. 
Consequently, all the conditions of applicability of Nother 
theorem, by proof of which the only invariance under La- 
grange equations is sufficient, [ij, are held true. We wish 
to pay attention to typical inaccuracy, which is abundant 



in the literature, consisting in that, that for applicabil- 
ity of Nother theorem the Lagrangian invariance under 
corresponding symmetry transformations is required. At 
the same time the only invariance of Lagrange equations 
under corresponding symmetry transformations, which 
certainly takes place in given case, is necessary (see proof 
of Nother theorem). According to Nother theorem, the 
conserved quantity, corresponding io v — th parameter 
{v = 1, fc) by invariance of field under some fc-parametric 
symmetry group, is (see, for instance, (H). 



ivdon = const, 



(19) 



where a is any spacelike hypersurface, a C ^R/^ and 4- 
tensor is determined by relation 



dL 



Y,,, 



(20) 



in which L is field Lagrangian and the matrices Xp^, , Y^jy 
are determined by matrix representations ||(/i/)/i u\\ and 
||(«/i/)ifc|| of infinitesimal operators of symmetry group in 
coordinate space and in the space of field functions re- 
spectively in accordance with the following relationships 



(21) 



Since the value of integral in does not depend on 
the choose of spacelike hypersurface, then usually the 
hypersurface, which is orthogonal immediately to time 
axis is used. By given choose 4- vector da^, representing 
itself infinitesimal element of spacelike hypersurface, is 
{d<7p} = {0, 0, 0, d(T4}, where da4 = —id^x. Then the 
expression (IT9t gets the form 



iijd^x — const, 



(22) 



where the conservation of the quantity (3i/(ct4) in time is 
represented in explicit form, since the time can be unam- 
biguously set in the correspondence to hypersurface 174 
(seei). 

In the case of the invariance of the action variation 
under gauge symmetry group 9^(/3) the values Xp^y = 
(gauge transformations do not touch upon the coordi- 
nates), and, since the group 5H(/3) is oneparametric, 4- 
tensor 9 pi, = 9p^ = Op, that is, it represents 4- vector. 
Then taking into account, that in given case matrix 
||(-^i/)/i v\\ of infinitesimal operator = I represents it 
self real number / 
following expression 



1, we obtain for 4- vector Op the 



dL 



dL 



(23) 



d{dpu,) ' d{dpuX) ^' 

Components of 4- vector Op, which can be identified with 



additional 4- vector of charge-current density Op = jp 



'[2] 
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^J 1 where J is 



dL 



dL 



satisfy to continuity equation 



(24) 



(25) 



which represents itself the conservation law for 4- vector 

.'[21 . . 

jf} in differential form. It distincts from known 4- vector 
of charge-current density ( see pj]), which is reasonable 
to redesignate to be j]^^ , and which is 



J 



[1] 



, dL 



dL 



(26) 



by the factor i and by sign of the first item. It means, 
that any complex field is characterized by total 4- vector 
j^, which is complex and can be represented in the form 



(27) 



We see, that both real 4- vector-functions of the complex 
4-current vector are differ each other the only by sign 
of the first item. 

Conserving quantity, corresponding to (|23p . that is 
imaginary component of the charge, is equal to 



'[2] 



hcfix. 



Consequently Q is determined by relationship 



Q 



[2] 



dL 



dL 



d{diUi 



d{diu* 



(28) 



(29) 



It is seen from relationship (1^^ . that obtained addi- 
tional charge is really purely imaginary quantity. It fol- 
lows from comparison with relationship for known con- 
served quantity for any complex field, for instance, for 
Dirac field. Let us remember, that real guantity - charge 
QI^I, is the consequence of gauge symmetry, consisting in 
the invariance of Lagrange equations under the transfor- 
mations 



u' {x) = exp{ia)u{x) 



and 



u'^{x) = exp{—ia)u^{x). 
In general case QI^I, ([!]), is 



(30) 
(31) 



Q^ = - I [7^7!^"' - (32) 
J d{diUi) d{diUi)* 

Therefore any relativistic complex field can be char- 
acterized by complex conserving quantity Q, that is by 
complex charge, which can be represented in the form 



[2] 



(33) 



with two real components Ql'^l and Q^^'. The statement 
is proven. 

From the statement 3 we obtain the consequence, 
which seems to be essential and it is formulated in the 
form of the statement 4. 

4. Conserving quantity - purely imaginary charge, 
which is invariant under total gauge transformations, 
corresponds to any real relativistic field (scalar, vector, 
spinor). 

The proof is evident, if to take into account, that any 
real quantity, including relativistic field, is particular case 
of complex quantity. 

In suggestion, that analogous statements are held true 
for quantized fields, we can conclude, that free EM-field 
quantum, that is photon, possesses along with the spin 
by the charge, which is purely imaginary in the case of 
real free EM-field. It becomes now to be physically un- 
derstandable rather effective realization of EM-field in- 
teraction with the matter by means of given relativistic 
particles. 

It becomes also to be understandable qualitatively the 
mechanism of appearance of real part of a charge when 
free real EM-field enter the matter. The velocity v of 
EM-field propagation in the matter is less in compari- 
son with the velocity c in vacuum. Consequently, hy- 
perbolic rotation of coordinate system in, for example 
(x3, X4)-plane of Minkowsky space and isomorphic to it 
rotation in (Qi, Q2)-plane of complex charge space take 
place. It corresponds to appearance of real component of 
the charge, and it is consequence of additional hyperbolic 
symmetry of Maxwellian EM-field (see the next Section) . 
The same mechanism leads to appearance of imaginary 
part of EM-field vector- functions and currents. Naturally 
it is suggested, that life time of the photons, which are 
entered in the matter is rather long, that is rather strong 
electron-photon interaction takes place. 

It seems to be clear, that Maxwell equations with all 
complex- valued vector and scalar variables give concrete 
realization of the connection between dual and gauge 
symmetries of EM-field. 

It is remakable, that, like to mechanics, a number of 
conservation laws, which can have EM-field, are optional 
in their simultaneous fulfilment. In particular, it is ev- 
ident, that by automorphic transformation of the space 
of EM-field functions by relationship pUj) the conserva- 
tion law for charge will always take place. At the same 
time the energy conservation law and the conservation of 
Poynting vector will be fullfilled, if given transformation 
is applied to EM-field potentials. The force character- 
istics, that is E-, //-vector functions can be used to be 
basis for free EM-field description, since they will repre- 
sent the full set in free EM-field case. However the energy 
conservation law and the conservation of Poynting vec- 
tor, that is mathematical construction, to which enter 
E-, H-vector functions, will not be fullfilled by transfor- 
mation (ITU|) at arbitrary /3. Given situation is realized 
by the propagation of the EM-field in the matter with 
the velocity w 7^ c, that is with the velocity, which is not 
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equal to light velocity in vacuum. The charge remains 
to be Lorentz invariant quantity (see Sec. 2), at the same 
time both the field characteristcs, the energy and impulse 
(determined by Poynting vector) are not Lorentz invari- 
ant quantities. It is remarkable, that the conclusion on 
charge Lorentz invariance was formulated in jsj to be 
self-evident. Thus, we see, that the charge conservation 
law for EM-field is fuUfilled even through the energy and 
impulse conservation laws do not take place. Therefore, 
the charge conservation law can be considered in given 
meaning to be more fundamental. 



II. COMPOUND QUATERNION NATURE OF 
EM-FIELD WITH FOUR REAL COMPONENTS, 
HAVING DIFFERENT SPACE AND TIME 
PARITY 

A. Generalized Maxwell Equations 

Symmetry studies of electromagnetic (EM) field have 
a long history, which was starting already in 19-th cen- 
tury from the work of Heaviside 4] , where the existence 
of the symmetry of Maxwell equations under electrical 
and magnetic quantities was remarked for the first time. 
Mathematical formulation of given symmetry gave Lar- 
mor 5]. It is consisting in invariance of Maxwell equa- 
tions for free EM-field under the transformations 



E ^ ±H,H ^ TE, 



(34) 



The transformations are called duality transfor- 

mations, or Larmor transformations. Larmor transfor- 
mations (j34p are particular case of the more general 
dual transformations, established by Rainich Dual 
transformations produce oneparametric abelian group 
Ui, which is subgroup of the group of chiral transfor- 
mations of massless fields. Dual transformations corre- 
spond to irreducible representation of the group of chiral 
transformations of massless fields in particular case of 
quantum number j = 1 ^ and they are 



E' Ecos9 + Hsm0 
H' HcosO- Esine, 



(35) 



where parameter 9 is arbitrary continuous variable, 9 e 
[0,27r]. In fact the expression (1351) is indication in im- 
plicit form on compound character of EM-field. Really 
at fixed 6 the expression (1551) will be mathematically cor- 
rect, if vector-functions E, H will have the same sym- 
metry under improper rotations, that is concerning the 
parity P under space inversion, both be polar or axial 
ones, or be both consisting of polar and axial compo- 
nents simultaneously. Analogous conclusion takes place 
regarding the parity t under time reversal. The possi- 
bility to have the same symmetry, that is, the situation, 
when both the vector-functions E, H are pure polar (ax- 
ial) vector-functions, or both ones t-even (t-uneven) si- 
multaneously contradicts to experiment. Consequently it 



remains the variant, that vector- functions E', H' in the 
expression (1351) are compound and consits of the com- 
ponents with even and uneven parities under improper 
rotations. It is in agreement with overview on compound 
symmetry structure of EM-field vector- functions E{r,t), 
H{f,t), D{r,t), B{r,t), consisting of both the gradient 
and solenoidal parts, that is uneven and even parts under 
space inversion in jSjJ , where compound symmetry struc- 
ture of EM-field vector- functions is represented to be self- 
evident. It corresponds also to theoretical assumption in 
0, where along with usual choice, that is, that electric 
field E is polar vector, magnetic field H is axial vector, 
the alternative choice is provided. The conclusion can be 
easily proved, if to represent relation p5p in matrix form 



" E' ' 




H' 





cos 9 sin 9 
— sin 9 cos 9 





■ E ' 




H 



(36) 



We see, that given matrix has the form, which allows set 
up in conformity to it the comlex number according to 
biective mapping like to ([T]). Consequently, we have 



E' 
H' 



E 
H 



that is 



E' = Ecos9- iEsm9 
H' = Hcos9-iHsm9 



(37) 



(38) 



It means, that to real plane, which is determined by the 
vectors E and H can be set in conformity the complex 
plane for the vectors E' and H'. 

It is evident now, that really both the vectors E' and 
H' are consisting of both, P-evcn and P-unevcn compo- 
nents. So the first component of, for instance, E' will be 
P-even under reflection in the plane situated transversely 
to absciss-axis, the second component will be P-uneven. 

Therefore, dual transformation symmetry of Maxwell 
equations, established by Rainich [6], indicates simulta- 
neously on both complex nature of EM-field in general 
case, and that both electric and magnetic fields are con- 
sisting in general case of the components with various 
parity under improper rotations. 

Let us find the invariants of dually transformed EM- 
field. It is easily to show, that the following relationship 
is taking place 



E^ -H^ + 2i{EH) 



mv, 



(39) 



that is, we have at fixed parameter 6* 7^ two real EM- 
field invariants 



(E^ - H^) cos 29 + 2{EH) sin 261 = inv 
2{EH) cos 29 - {E^ - H^) sin 29 = inv. 



(40) 
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It follows from relation (|40|) that, in particular, at 6* = 
we have well known |8i EM-field invariants 



{E^ -H^)^ inv 
(EH) = inv. 



(41) 



It is interesting, that a.t 9 — 45° and at 6* = 90° the 
invariants of dually transformed EM-field are determined 
by the same relation (j4ip and by arbitrary 9 we have 
two linearly independent combinations of given known 
invariants. 

Subsequent extension of dual symmetry for the EM- 
field with sources leads also to known requirement of 
the existence of two type of other physical quantities - 
two type of charges and two type of intrinsic moments of 
the particles or the absorbing (dispersive) centers in con- 
densed matter. They can be considered to be the com- 
ponents of complex charge, or dual charge (in another 
equivalent terminology) of so called dually charged parti- 
cles, which were described theoretically (see Q). We have 
to remark, that setting into EM-field theory of two type 
of charges and two type of intrinsic moments is actual, 
since recent discovery of dually charged quasiparticles Q 
and the particles with pure imaginary electric intrinsic 
moments [lo| in condensed matter, - respectively, spin- 
Peierls 7r-solitons and Su-Schrieffer-Heeger cr-solitons in 
carbynoids, is clear experimental proof, that EM-field 
theory with complex charges and complex intrinsic mo- 
ments has physical content. EM-field theory with com- 
plex charges and complex intrinsic moments ceases con- 
sequently to be the only formal model, which although 
is very suitable for many technical calculations, but was 
considered upto now to be mathematical abstraction, in 
which magnetic charges and magnetic currents are ficti- 
tious quantities. Similar conclusion concerns the concep- 
tion of complex characteristics of EM-field in the matter. 
Given conception agrees well with all practice of elec- 
tric circuits' calculations. Very fruitfull mathematical 
method for electric circuits' calculations, which uses all 
complex electric characteristics, see for example was 
also considered earlier the only to be formal, but conve- 
nient mathematical technique. Informality of given tech- 
nique gets now natural explanation. It has to be taken 
into account however, that in the case 9 = we have well 
known electrodynamics with odd P-parity of electric field 
and even P-parity of magnetic field. In given case all the 
EM-field characteristics are real and by using in calcu- 
lations of the complex quantities, we have always add 
the corresponding complex conjugate quantities. At the 
same time in the case 7^ it will be incorrect, since both 
the real observable quantities, which corresponds to any 
complex EM-field characteristics have to be retained. In- 
dependent conclusion follows also from gauge invariance 
above considered (Sec. I). Really, the presence of complex 
charge means that 4- vector of current for any complex 
field is complex vector. In its turn, it means, that inde- 
pendently on starting origin of the charges and currents 
in the matter [they can be result of presence of Dirac field 



or another complex field] all the characteristics of EM- 
field in the matter have also to be complex-valued. Given 
conclusion follows immediately from Maxwell equations, 
since complex current enters explicitly Maxwell equa- 
tions. It is also substantial, that Maxwell equations are 
invariant under the transformation of EM-field functions 
by relationship (ITU)l . 

Let us designate the terms in 



(42) 



Ecos9^ 3^\Esm9 = 
Hcos9 = H^^lHsm9^ H^^l 



The Maxwell equations for the EM-field {E' , H') in the 
matter in general case of both type of charged particles 
(that is electrically and magnetically charged), including 
dually charged particles are 



V X E'{r,t) 



V X H'{r,t) 



-Mo^^-4(^t), (43) 



dE'(r,t) -.^^ , 
eo h^+j'e{r,t), (44) 



dt 



(V-#(r,t)) = p',(f,t), 



(45) 



(46) 



where j'^{f,t), j'g{r,t) are respectively electric and mag- 
netic current densities, p^(r,t), Pg{r,t) are respectively 
electric and magnetic charge densities. Taking into ac- 
count the relation ([25]) and (gH) the system (gS]), (gH), 
(|45| . (l46l) can be rewritten 



V X (^W(f,<) -2^[2l(f,<)) 



ai?[il(f,i) 9i?[2l(r,i) 
— i- 



dt 



dt 



(47) 



Jg [r,t)+ijg {r,t), 



a^W(f,t) .dE^'^\r,t) 



dt 



dt 



(48) 



+ i}^\r,t) - ijj-'^\f,t), 



(V • {eW {r, t) - z^Pl (f, t)))= (f, t) - (r, t), (49) 

(V-(i/W(r,t)-»i?[2l(f,t))) =pW(r,t)-*p|l(r,i), (50) 

where j^\r,t), j^\f.t), fg^^r^t), fg^^r^t) are cor- 
respondingly electric and magnetic current densities. 
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which by dual transformations are obeing to relation like 
to JMl) 0, they are designated like to (j42|), pe\r,t), 
p^e\r,t), pg'(r, t), pg^'(r, i) are correspondingly elec- 
tric and magnetic charge densities, which transformed 
and designated like to field strengths and currents. 
In fact in the system of equations (gT]), (gH]), (HHl) . 
([50)1 are integrated Maxwell equations for two kinds of 
EM-fields (photon fields in quantum case), which dif- 
fer by parities of vector and scalar quantities, entering 
in equations, under space inversion. So, the compo- 
nents i?[^l(r, i), iJ[^I(r, i), je' \r,t) have uneven parity, 
i?t^l(f, t), H^^^{r,t),je^ {f,t) have even parity, pl^\r,t), 
pf\r,t) are scalars, p[f'(r, t), p^g\f,t) are pseudoscalars. 
In the case, when jg(r, t) = 0, p'gir, i) = we obtain the 
equations of usual singly charge electrodynamics for com- 
pound EM-field in mathematically correct form, which 
allows to separate the components of EM-field with var- 
ious parities P under space inversion. It is remarkable, 
that the idea, that vector quantities, which characterize 
EM-field, are compound quantities and inlude both gra- 
dient and solenoidal parts, that is uneven and evenparts 
under space inversion was put forward earlier in Q . At 
the same time in the equations of dual electrodynamics 
given idea was presented the only in implicit form. The 
representation in explicit form by equations (|47p . (gS)), 
(g5)) . ([50)1 seems to be actual, since field vector and scalar 
functions with various t- and P-parities are mathemati- 
cally heterogeneous and, for instance, their simple linear 
combination, for instance, for P-uneven and P-even elec- 
tric field vector- functions E^^\r,t), E^'^\r,t) 



ai^W(f,t) + a2^[^l(f,t) 



(51) 



with coefficients ai, a2 from the field of real numbers, 
which is taking place in some theoretical and experi- 
mental works, is collage. Similar situation was discussed 
in (l^ by analysis of Bloch vector symmetry under im- 
proper rotations. Mathematically the objects, which are 
like to ([?T|) can exist. Actually to the set of {E^^\f,t)} 
and to the set of (f, t)} can be put in correspondence 
the afHne space. However given afSne space corresponds 
to direct sum of two usual vector spaces, consisting of 
different physically objects, that is, it represents in fact 
also collage. Really, given direct sum can be represented 
by direct sum of linear capsule 



[4m{r,t)\a\ 



(52) 



representing itself three-dimensional vector space of the 
set {i?[^l(r, i)} and linear capsule 



{aiE^'\r,t)\a'^ 



eR,leN\ 



(53) 



representing itself three-dimensional vector space of the 
set {ijl^l (r, t)}. It is substantial, that both the vector 
spaces cannot be considered to be subspaces of any three- 
dimensional or six-dimensional vector spaces, consisting 



of uniform objects. Moreover, it is evident, that the afBne 
space, defined in that way cannot be metrizable, when 
considering it to be a single whole. It means in turn, 
that the set of objects, given by ([5T|) are not vectors in 
usual algebraic meaning. Even Pythagorean theorem, for 
instance, cannot be used. 

It can be shown, that the system, analogous to (|47p . 
([iO|) . can be obtained for the second pair of 
EM-fields (photon fields in quantum case), which differ 
by parities of vector and scalar quantities, entering in 
equations, under time reversal. Really it is easily to see, 
that Maxwell equations along with dual transformation 
symmetry, established by Rainich, given by relations ([35)) 
- ([55)1 , are symmetric relatively the dual transformations 
of another kind of all the vecor and scalar quantities, 
characterizing EM-field, which, for instance, for electric 
and magnetic field strengh vector-functions can be pre- 
sented in the following matrix form 



(54) 



where i? is arbitrary continuous parameter, 'd £ [0,27r]. 
The relation (IMl) can be rewritten in the form 







cosh -d i sinh d 




■ E ' 


H" 




— isinhi? cosh-i? 




H 



' E" ' 




H" 





cos ii? sin id 
— sin id cos id 





■ E ' 




H 



(55) 



In particular, if d is polar angle of coordinate system 
in the plane, determined by E and H , the transforma- 
tions ()54p represent themselves hyperbolic rotations in 
{E. i/)-plane. Let us call the transformations ()54l) by 
hyperbolic dual transformations. It represents the inter- 
est to consider the following particular case of hyperbolic 
dual transformations. We can define parameter d accord- 
ing to relation 

V 

tanh?? = — =/?, (56) 
c 

where V is velocity of the frame of reference, moving 
along X-axis in 3D subspace of ^Ri Minkowski space. We 
can also to set up in conformity to the plane (x2,a;3) in 
Minkowski space, the plane (i?, H) , in which E, H are 
orthogonal and are directed along absciss and ordinate 
axes correspondingly (or vice versa). Then we obtain 



\E" 



\H'- 



\E\+m\ 
\H\-m 



(57) 



(or similar relations, in which E', H are interchanged by 
places). In vector form given transformations are 



E" 



H" 



E+\[Hx V] 
H -\[Ex V] 



(58) 
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Therefore it is seen, that E, H are transformed hke to 
Xq and Xi coordinates (or vice versa) of the space ^R^. 
It follows from here, that both the vectors E" , H" have 
t-even and t-uneven components in general case. We see 
also that Lorentz-invariance of Maxwell equations is par- 
ticular case of hyperbolic dual symmetry. It means, that 
restriction to only Lorentz-invariance in consideration of 
Maxwell equations' symmetry, which is usually used, con- 
stricts the concept on the EM-field itself and it is thereby 
constricting the possibilities for completeness of its prac- 
tical usage. Taking into account (jlj we obtain the rela- 
tions, which are similar to p7p . which can be rewritten 
in the similar to psp form, that is, we have 



(59) 



E" = E cos iiS — iE sin i§ 
H" = H cos id — iH sin it}. 



It is proof in general case, that each of two indepen- 
dent Maxwellian field components with even and uneven 
parities under space inversion is also compound and it 
consists of two independent components with even and 
uneven parities under time reversal. Then imposing des- 
ignations 



E cos id = , E sin id W 
H cos id = , H sin id = H^*^ 



(60) 



and considering the vector- functions (iJ^^l (r, t), iJ^^l (r, t)) 
and (i?[^l(r, t), H^^^{r,t)) to be definitional domain for 
the vector- functions E"{r,t), H"{r,t) correspondingly, 
the Maxwell equations for the components of the field 
(ijlil, ^[11) and {E^'^\ H^'^^) have the same form and they 
are 



V X (^[3l(f,<) -i^W(f,t)) 



Mo 



dt 



dt 



(61) 



3g [r,t)+ijg {r,t), 



Vx {H^^^{r,t)-iH^'^\r,t)) 



dEi^Ur,t) dE^'^Mr^t) 
— i- 



dt 



dt 



(62) 



^ j}^\r,t) - i3}'^\f,t), 



(V • {m (f, t) - ^m (f, t))) = pf (f, t) - (f, t), (63) 



(V.(i?[3l(f,t)-zi?W(f,i))) =p[fl(r,t)-ipW(f,t), (64) 

where je^^\r,t), j}^\r,t), jg^^\r,t), jg^'^\f,t) are, cor- 
respondingly, electric and magnetic current densities. 



p^e {f,t), p^e {r,t), pf\r,t), pf\r,t) are, correspond- 
ingly, electric and magnetic charge densities, which trans- 
formed and designated like to field strengths and cur- 
rents. In fact the system of equations (pTj) . ([5^. (|63p . 
((64)) represent itself corredtly integrated Maxwell equa- 
tions for two kinds of EM-fields (photon fields in quantum 
case), which differ by parities of vector and scalar quan- 
tities, entering equations, under time reversal. So, the 

components i?['^l(r, <), i7W(r, t), je {rjt) have uneven 
parity, i?W(r, i), H^^\f,t), je {r,t) have even parity, 
Pff' (r, t), p^g^ (r, t) are scalars, pf' (r, t), (r, t) are pseu- 
doscalars. In the case, when j"g{r,t) = 0, p"g{f,t) = 
we obtain the equations of usual singly charge electro- 
dynamics for two components of EM-field with various 
parities under space inversion, at that either of the two 
consist also of two components of EM-field with various 
parity under time reversal. 

It is easily to see, that invariants for EM-field, consist- 
ing of two hyperbolic dually symmetric parts, that is at 
d have the form, analogous to p9|) and they can be 
obtained, if parameter 9 to replace by id. They are 



E^ - H'^ + 2i{EH) 



mv. 



(65) 



Consequently, two real invariats at d ^ have the form 

(66) 



{E^ - i/2)g2^ ^ j^. ^ ^^^^ 

2{EH)e^^ =12" ^ inv. 



It follows from relation (|66p . that in both the cases, that 
is at d — and at fixed ?? ^ 0, we obtain in fact well 
known EM-field invariants, since factor e^'' at fixed d 
seems to be insufficient. At the same time at arbitrary d 
the relation 



— = -=W = ^nv 



(67) 



is taking place. It is seen, that the value of W is indepen- 
dent ond. It means physically, that the absolute values of 
both the vector-functions E{r, t) and (r, t) are changed 
synchronously by hyperbolic dual transformations. 

So, the usage of complex number theory allows to 
represent correctly the electrodynamics for two photon 
fields, which differs by parities under space inversion or 
time reversal by the same single system of generalized 
Maxwell equations. At the same time we have two re- 
lated sets, that is pairs of complex vector and scalar 
functions, which are ordered in their P- and t-parities. 
It corresponds to definition of quaternions. Really any 
quaternion number x can be determined according to re- 
lation 

X = {ai + ia2)e + {a^ + ia4)j, (68) 
where e i?,™ = 1,4 and e,i,j,k produce basis. 
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elements of which are satisfying the conditions 

(ij) = k, (ji) = -fc, (ki) = j, {ik) = -j, (69) 
(ei) = (ie) = i, (ej) = (je) = j, (ek) = (fee) k. 

Let us designate the quantities 

(^[11 (f, t) - ( - ^ (^[3] ^) „ -^[4] ^ 

iif,t) 

{j}^^ (r, t) - ij}'^^ {r, t)) + (il'^' (r, t) - ij}"^^ (r, t))i = 

t) 

(-Js^^' i^r. t) + ijg'^' (r, i)) + (-Jg'^' (f, + ijg'^' (f, t))j = 

(pW (f, t) - (f, t)) + (p[3l (f, _ ,p[4] ( . ^ 

(70) 



(pW (f, i) - zpl^l (f, t)) + (pl^'l (f, i) ~ zpW (f, t))j 
where 

^W(f,t),i?[2l(r-f),/J^l(f,t), 
/;'Vf,i),pW(f,t),pPl(f,i) 
are P-uneven, t-even, 

j;'^f,i),pri(f,t),pW(f,t) 

are P-uneven, t-uneven, 

m{r,t),m{r,t),j'}'\r,t), 

are P-even, i-even, 

^W(f,t),i?[3l(f,t),/e"'(r,i), 
/;'Vr,t),pW(f,t),pPl(r,0 



(71) 



(72) 



(73) 



(74) 



are P-even, i-uneven. According to definition of quater- 
nions e(f,t), ^(f,i), jc(r,i), jj,(r,t), Pc(^i), Pfl(r,t) are 
quaternions. It means, that EM-field has quaternion 
structure and dual and hyperbolic dual symmetry of 
Maxwell equations will take proper account, if all the 
vector and scalar quantities to represent in quaternion 
form. Consequently, we have 



V X (i£(f,t)) 



= -Mo 



dt 



-h{r,t), (75) 



V X {W,t)) 



= Co 



d(t{r, t) 
dt 



(V-(€(f,i)))=Pc(r,i), 



(V-(^(f,t)))-/,g(f,t) 



(76) 



(77) 



(78) 



Therefore, symmetry of Maxwell equations under dual 
transformations of both the kinds allows along with gen- 
eralization of Maxwell equations themselves to extend 
the field of application of Maxwell equations. It means 
also, that dual electrodynamics, developed by Tomilchick 
and co-authors, see for instance [1], obtains additional 
ground. Basic field equations in dual electrodynamics 
0, [3], being to be written separately for two type of 
independent photon fields with various parities under 
space inversion or time reversal, will be isomorphic to 
Maxwell equations in complex form. It was in fact shown 
partly earlier in [isj , 0] , where complex charge was taken 
into consideration. At the same time all aspect of dual 
symmetry, leading to four-component quaternion form of 
Maxwell equations seem to be representing for the first 
time. 



B. Cavity Dual Electrodynamics 

Let us find the conserving quantities, which correspond 
to dual and hyperbolic dual symmetries of Maxwell equa- 
tions. It seems to be interesing to realize given task on 
concrete practically essential example of cavity EM-field. 
At the same time to built the Lagrangian, which is ade- 
quate to given task it seems to be reazonable to solve the 
following concomitant task - to find dually symmetric so- 
lutions of Maxwell equations. It seems to be understand- 
able, that the general solutions of differential equations 
can also possess by the same symmetry, which have start- 
ing differential equations, nevetheless dual symmetry of 
the solutions of Maxwell equations was earlier not found. 



1. Classical Cavity EM-Field 

Suppose EM-field in volume rectangular cavity with- 
out any matter inside it and made up of perfectly elec- 
trically conducting walls. Suppose also, that the field is 
linearly polarized and without restriction of commonness 
let us choose the one of two possible polarization of EM- 
field electrical component E{r, t) along x-direction. Then 
the vector- function Ex{z,t)ex can be represented in well 
known form of Fourier sine series 



^W(r,t) = S,(z,Oex- 



^ A^qa{t) sin(fcaz) 



,Q = 1 



(79) 

where qa{t) is amplitude of a-th normal mode of the 
cavity, a & N , ka = an/L, Af = y/2iJ^jn^jVe^, 
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LOa = anc/ L is cavity length along z-axis, V is cavity 
volume, TOc is parameter, which is introduced to obtain 
the analogy with mechanical harmonic oscillator. Let us 
remember, that the expansion in Fourier series instead 
of Fourier integral expansion is determined by known 
diskretness of fc-space, which is the result of finiteness 
of cavity volume. Particular sine case of Fourier series is 
consequence of boundary conditions 



(80) 



which are held true for the perfect cavity considered. 
Here n is the normal to the surface S of the cavity. It is 
easily to show, that Ex{z,t) represents itself a standing 
wave along z-direction. 

Let us analyse the solutions of Maxwell equations for 
EM-field in a cavity in comparison with known solutions 
from the literature to pay the attention to some mathe- 
matical details, which have however substantial physical 
conclusions, allowing to extend our insight to EM-field 
nature. For given reasons, despite on analysis simplicity, 
we will produce the consideration in detail. 

Using the equation 



dE{z,t) 
'dt 



V X H{z,t) 



we obtain the expression for magnetic field 



E 



dt 



COs{kaZ) + fait) 



(81) 



s„ (82) 



where {fa{t)}, a G iV, is the set of arbitrary functions of 
the time. It is evident, that the expression for H{f, t) ((82)) 
is satisfying to boundary conditions (150]) . The partial 
solution, in which the functions {fa{t)} are identically 
zero, is always used in all the EM-field literature. How- 
ever even in given case it is evident, that the Maxwellian 
field is complex field. Really using the equation 



V X £; 



dB 
~dt 



Mo- 



'dt 



(83) 



it is easily to find the class of field functions {gct(t)}. 
They will satisfy to differential equations 



(fqJt) kl 



(84) 



Consequently, we have 

qc.it) = Ci^e"'-* + C2ae-'^-\a € TV, (85) 

where CiQ,,C2Q,a € N are arbitrary constants. Thus, 
real-valued free Maxwell field equations result in well 
known in the theory of differential equations situation 
- the solutions are complex- valued functions. It means, 
that generally the field functions for free Maxwellian field 
in the cavity produce complex space. So we obtain ad- 
ditional independent argument, that the known concep- 
tion, on the only real-quantity definiteness of EM-field, 



has to be corrected. On the other hand, the equation 
has also the only real- valued general solution, which 
can be represented in the form 



qait) = BaCOsiuJat + (f)a), 



(86) 



where Ba, (j) on u € TV are arbitrary constants. It is sub- 
stantial, that the functions in real- valued general solution 
have a definite t-parity. 

Thus, we come independently on the previous consider- 
ation in Sec. I and Sec. II, Subsec.A to the conclusion, that 
classical Maxwellian EM-field can be both real-quantity 
definited and complex-quantity definited. 

It is interesting, that there is the second physically 
substantial solution of Maxwell equations. Really, from 
general expression ([82l) for the field -ff (r, t) it is easily to 
obtain differential equations for {/a(t)}, a £ N, 



dfajt) 

dt 



" ka dt^ 



COsikaZ) 



—A^kaqait)cosikaz) = 0. 
Mo 



(87) 



The formal solution of given equations in general case is 



fait) = A^COsikaZ) 



ka 
^J■0 



qaiT)dT 



dqajt) ep 



Therefore, we have the second solution of Maxwell equa- 
tions for Hif,t) in the form 



mir,t)^ 



A^q'ait)cosikaz) ) ey, 



,Q=1 



(89) 



where Aa = a/ 2a;^mQ / V fx^ . Similar consideration gives 
the second solution for i?(r, t) 

^) = I E I (90) 



The functions q'ait) and q'^it) in relationships 
(PI) are 



9a (0 ^ '^"y qaiT)dT 




and 



(91) 



W« / q'a{T')dT' 




correspondingly. Owing to the fact, that the solutions 
have simple form of harmonic trigonometrical functions, 
the second solution for electric field differs from the first 
solution the only by sign, that is substantial, and by 
inessential integration constants. Integration constants 
can be taken into account by means of redefinition of 
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factor nia in field amplitudes. It is also evident, that if 
vector-functions E{f, t) and H{f, t) are the solutions of 
Maxwell equations, then vector-functions TE{f,t) and 
TH{f,t), where T is time inversion operator, are also 
the solutions of Maxwell equations. Moreover, if starting 
vector-function, to which operator T is applied is i-even, 
then there is i-uneven solution, for instance for magnetic 
component in the form 



T[tH{r,t)] 
t 



(92) 



where t is time. It can be shown in a similar way, that du- 
ally symmetric solutions, which arc P-even and P-uneven 
are also existing. 

Therefore, there are the solutions with various com- 
binations of the signs for vector-functions i?(r, t) and 
H(f,t), which are realized simultaneously, that is, their 
linear combination with coefficients from the field C of 
complex numbers will represent the solution of Cauchy 
problem for Maxwell equations in correspondence with 
known theorem, that the solution of Cauchy problem for 
any systems of homogeneous linear equations in partial 
derivatives exists and it is unique in the vicinity of any 
point of the initial surface (in the case, when the point se- 
lected is not characteristic point and the function, which 
determines given hypersurface is continuously differen- 
tiable). In other words, we obtain again the agreement 
with Maxwell equation symmetry consideration. Given 
property of EM-fied seems to be essential, since it per- 
mits passing for the processes, which seemingly are for- 
bidden by CPT-theorem. For example, let us consider 
the resonance system EM-field plus matter in the cavity, 
in particular, the so called dressed state of some quasi- 
particles' system. Suppose, that wave function can be 
factorized, matter part is P- and f-even under space and 
time inversion transformations, while EM-field part is P- 
uneven. CPT-invariance will be preserved, since EM-field 
has simultaneously with t-even the t-uneven component, 
determined by expression (1921) . Therefore t-parity of the 
function (/^(t) can be various, and in the case, if we choose 
t-parity to be identical to the parity of the function (t) , 
the solution will be different in the meaning, that the field 
vectors will have opposite i-parity in comparison with the 
first solution. It is evident, that boundary conditions are 
fullfilled for all the cases considered. 

To built the Lagrangian we can choose the following 
sets of EM-ficld functions {u^^^{x)}, s = l,2,a e N, 



{u^ (x)} = {y/eoA^ smka{x3)[qa{xi) ±iq^{xi)]} 

OJa dX4 

(93) 

The functions {u^^{x)},s = l,2,a e N are built from 
the components of the expansion in Fourier series of the 
fields ij[il(r,t),£;Pl(f,t) and H^'^\r,t),H^^\f,t) corre- 
spondingly. At the same time the sets {u^'^(a;)},s = 



1,2, a € N produce at fixed x two orthogonal countable 
bases, corresponding to s = 1,2 in two Hilbert spaces, 
which are formed by vectors il^^'^^ul'^ {x),U2^ (x), ...) 
for variable x € ^R^. Really scalar product of 
two arbitrary vectors ii^^'^\u'i^{xi),U2^{xi),...) and 
iX^j'^\ul'^{xj),U2^{xj), ...), that is 



(iipi(^0|ii'"^'(-.)> 



is equal to 



oo 

E 

a=l 



{xi^i, z)u''^^ (x^^j , z)dz, s = 1, 2, 



(94) 



(95) 



that means, that it is restricted, since the sum over s 
represents the energy of the field in restricted volume. 
Consequently, the norm of vectors can be defined by the 
relationship 



Hit 



{x)\\ = ^(il[«-±l(x) |ii[^'±l(a;)) 



(96) 



1,2. 



Then vector distance is 

d{li^'^^\x,),ii^''^\x,)) ||il[^^±l(x,)-il[^^±l(a;,)||. (97) 

So we obtain, that the vectors {il''*'^! (x)}, x e ^R^ 
produce the space L2 and taking into account the Riss- 
Fishcr theorem it means, that given vector space is com- 
plete, that in its turn means, that the spaces of vectors 
{ii^''^\x)}, X e ^R4,s = 1,2, are Hilbert spaces. Con- 
sequently Lagrangian L{x) can be represented in the fol- 
lowing form 



s— 1 a — 1 

4 00 



s,± 



(x) du*J^^ix) 



dXn 



dXn 



(98) 



EEE^(^)<'^(^)": 



where K{x) is factor, depending on the set of variables 

X = {xt,},^l = T74. 

Let us find the conserving quantity, corresponding to 
dual symmetry of Maxwell equations. Dual transforma- 
tion, determined by relation p6l) is the transformation 
the only in the space of field three-dimensional vector- 
functions E, H , (let us designate it by [E, _ff )-space) and 
it does not touch upon the coordinates. It seems to be 
conveniet to define in given space the reference frame, 
then the transformation, given by p6p is the rotation of 
two component matrix vector-function 



IPII 



E 
H 



(99) 
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Instead of two Hilbert space for two sets of vectors 

we can also define one 
Hilbert space for row matrix vector function set 

= { } (100) 

with the set of components 

{||[/„(x)||} = {K±(x)u2.±(^)]}, (101) 

where a € N. In general case instead parameter we 
can define rotation angles 9ik, i,k = 1,3 in 2D-planes 
of (i?, H) functional space. It is evident, that Oik are 
antisymmetric under the indices i, fc = 1,3. According to 
Nother theorem, the conserving quantity, corresponding 
to parameters Oik in dual transformations (1361) , that is at 
Oik = 0i2 is determined by relations like to (IT^ and (1^01) . 
So, we obtain 



= [ 



E 



dL 



{did,\\U*\\) 



\YJ]+c.c., 



(102) 



where /x = 1,4 and it was taken into account, that ||^q|| 
in matrix relation (|102p . which is like to (|19l) is equal to 



zero. The factor 



dL 



dL 
9(9^11 (7; II) 



in (|102p is row matrix 



dL 



dL 



di 



-)d{ 



-) 



(103) 



matrix 11^^11 is product of matrices |1/q|| and ||C/Q(a::)||, 
that is 



lYj = \\Ia\ 



,2± 



(104) 



where is the matrix, which corresponds to infinites- 
imal operator of dual or hyperbolic dual transformations 
of a-th mode of cavity EM-field. It represents in general 
case the product of three matrices, corresponding to rota- 
tion along three mutually perpendicular axes in 3D func- 
tional space above defined. So |1/q|| = 
The transformations in the form, which is given by 
([55)) correspond to O23 = 0, O12 = 0,^31 = 0, that is 
||/2|| ^ ||j3|j ^ ^Yieie E is unit [2 x 2]-matrix. In 
the absence of dispersive medium in the cavity ||/q|| will 
be independent on a. Moreover, it is easily to see, that 
infinitesimal operator with matrix ||/a|| is the same for 
dual transformations, determined by (|36p and hyperbolic 
dual transformations, determined by ([51)) . Really \\Ia\\ 
in both the cases is 



1 

-1 



(105) 



for any a G N. 

Conserving quantity is 



{[ 



dL 



{did^imi 



\Ya,\\]+c.c.}d^x (106) 



The structure of 11061 unambiguously indicates, that it 
is the component of spin tensor [l3|) to which dual 
vector component can be set in the correspondence ac- 
cording to relation 



dL 



cj ''^^did^\\u*\\) 



\\Yc,\\]jk + c.c.}(fx, 



(107) 



where e^fe is completely antisymmetric Levi-Civita 3- 
tensor. 

Therefore we obtain, that the same physical conserving 
quantity corresponds to dual and hyperbolic dual sym- 
metry of Maxwell equations. Taking into account the 
expressions for Lagrangian ([98p and for infinitesimal op- 
erator (jlOSp . in the geometry choosed, when vector E 
is directed along absciss axis, vector H is directed along 
ordinate axis in (E, H) funktional space, we have 



= E[ 



dv^ 
dx,. 



,2± 



du 



*,2± 



dx,. 



-ui"^] + c.c. 



(108) 



and 



C.4 
-^3 



£312'5'i2 



{[ 



dL 



\U* 



\Ya\\] + C.C.}(fx, 

(109) 

It is projection of spin on the propagation direction. 
Therefore we have in given case right away physically 
significant quantity - spirality. 

The relations ([ife)) . ([T07| . ([TO8)) . ([T09)) show, that spin 
of classical relativistic EM-field in the cavity and, cor- 
respondingly, spirality are additive quantities and they 
represent the sum of cavity spin and spirality modes. 
On the connection of the conserving quantity, which is 
invariant of dual symmetry with spin was indicated in 
3, where free EM-field was considered with traditional 
Lagrangian, which uses vector potentials to be field func- 
tions. The result obtained together with aforecited result 
in Q lift dilemma on the necessity of using of given quan- 
tity by consideration of classical EM-field. Really, the 
situation was to some extent paradoxical, and it can be 
displayed by the following conversation between two dis- 
putant physicists. "Spin exists" - has insisted the first, re- 
ferring on the appearance of additional tensor component 
in total tensor of moment - intrinsic moment - to be con- 
sequence of Minkowsky space symmetry under Lorentz 
transformations, "Spin does not exists" - has insisted the 
second, referring on the metrized tensor of the moment, 
in which spin part is equal to zero 2] in distinction from 
canonical tensor. In other words, both disputants were 
in one's own way right. Dual symmetry leads to unam- 
biguous conclusion " Spin exists" and has to be taken into 
consideration by the solution of tasks, concerning both 
classical and quantum electrodynamics. Moreover spin 
takes on special leading significance among the physical 
characteristics of EM-field, since the only spin (spirality 
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in the simplest case above considered) combine two sub- 
systems of photon fields, that is the subsystem of two 
fields, which have definite P-parity (even and uneven) 
with the subsystem of two fields, which have definite t- 
parity (also even and uneven) into one system. In fact 
we obtain the proof for four component structure of EM- 
field to be a single whole, that is confirmation along with 
the possibility of the representation of EM-field in four 
component quaternion form, given by ([75)) . d76t . (iTTt . 
([75)) . the necessity of given representation. It extends 
the overview on the nature of EM-field itself. It seems 
to be remarkable, that given result on the special leading 
significance of spin is in agreement with result in [l^ . 
where was shown, that spin is quaternion vector of the 
state in Hilbert space, defined under ring of quaternions, 
of any quantum system (in the frame of the chain model 
considered) interacting with EM-field. 

It is interesting, that the charge und currents, being 
to be the components of 4-vector, which are transformed 
by corresponding representation of Lorentz group, are in- 
variants of hyperbolic dual transformations, that is, they 
are also Lorentz invariants, if to take into account, that 
Lorentz transformations are particular case of hyperbolic 
dual transformations. It is seen immediately from the 
expressions for 4-current and it means, that observers in 
various inertial frames will register the same value of the 
charge in correspondence with conclusion in [3J . It is con- 
nected with invariance of Lagrange equations and equa- 
tions charge by multiplication of field functions on arbi- 
trary complex number, established in Sec.l, since by hy- 
perbolic dual transformations the multiplication of field 
functions on some complex number takes place. 



So, taking into consideration the relationship for 
Hamihonian n^^\t) we set in correspondence to canoni- 
cal variables qa{t),pa{t), determined by the first partial 
solution of Maxwell equations, the operators by usual 
way 



[Pa{t),qi3{t)] = ihSap 



(111) 



where a, /3 € N. Introducing the operator functions of 
time aa(t) and a^{t) 



aa{t) 



[iTiaUJaqait) + ipa{t)] 



y' ZnulaLiJa 

we obtain the operator functions of canonical variables 
in the form 



Pa{t) = i 



hnio 



(113) 



Then EM-field operator functions are obtained right 
away and they are 



Eir,t) - {J2 \I^Hit) + ao.{t)] sin(/c„z)}e 



Ve, 



(114) 



2. Quantized Cavity EM-Field 

The quantization of EM-field was proposed for the first 
time still at the earliest stage of quantum physics |15i] . At 
the same time tcorrespondence to each mode of radiation 
field the quantized harmonic oscillator, was proposed for 
the first time by Dirac jlS] and it is widely used in QED 
including quantum optics [T7| . it is canonical quantiza- 
tion. EM-field potentials are used to be field functions 
by canonical quantization. At the same time to describe 
free EM-field it is sufficient to choose immediately the ob- 
servable quantities - vector-functions E{r, t) and H{f, t) 
- to be field functions. We use further given idea by 
EM-field quantization. We can start like to canonical 
quantization, from classical Hamiltonian, which for the 
first partial classical solution of Maxwell equations is 



hhJn 



H{r,t) = i{Y^ J [a+(i) - a„(t)] cos(/caz)}e;, 

OL — \ V 

(115) 

Taking into account the relationships (|114p . (IllSp and 
Maxwell equations, it is easily to find an explicit form for 
the dependencies of operator functions hait) and a^(t^ 
on the time. They arc 



aQ(i) — o,a(^ — 0)e^ 



(116) 



where a^{t = 0),aQ(t = 0) are constant, complex- valued 
in general case, operators. 

It seems to be essential, that complex exponential de- 
pendencies in (|116p cannot be replaced by the real- valued 
harmonic trigonometrical functions. Really, if to suggest, 
that 



= ^ /// [eoi?^(z,i)+/ioi?^'(^,i)] dxdydz 



^ OO 



(V) 



pUt) 



, Pa = mo 



dqa jt) 

' dt ' 



(110) 



a+(t) = a+(t = 0) cos ujat, 



(117) 



then we obtain, that the following relation has to be tak- 
ing place 

[^ait = 0)-da{t = 0)]-'^[a+{t = 0)+a„(t = 0)] = tanw^i. 

(118) 
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We see, that left-hand side in relation (|118l) does not de- 
pend on time, right-hand side is depending. The contra- 
diction obtained establishes an assertion. Therefore, the 
quantized Maxwellian EM-field is complex-valued field 
in full correspondence with pure algebraic conclusion in 
Sec.I. 

Consequently, there is difference between classical and 
quantized EM-fields, since classical EM-field can be de- 
termined by both complex-valued and real-valued func- 
tions. The fields E^'^\r,t), H^'^\'r,t) can be quantized in 
much the same way. The operators a"a(t), a"'^{t) are 
introduced analogously to ()112|) . 



1 



a"+(t) = ^ [m^uj^q\it) - ip\{t)] 

\/ ZnniaUJa 

For the field function operators we obtain 



(119) 



{ 



£1=1 



a"^{t) + a" ait) sin(fcQ,z)}e 



(120) 



{E\/^(-*) cos(fc«^)}e2. 

In accordance with definition of complex quantities we 
can built the following combination of solutions, satisfy- 
ing Maxwell equtions 

{3^\r,t),E^'^\r,t)) 3^\r,t) + i3'^\r,t) ^ E{r,t), 

(122) 

(i?[2l(f,i),i?[il(f,i)) ^ H^^\r,t)+iH^^\r,t) = H{r,t). 

(123) 

Consequently, the electric and magnetic field operators 
for quantized EM-field, corresponding to general solution 
of Maxwell equations, are 



mt) = {Y.J^{[at{t)+aa{t)\ 

OL — l 



(124) 



and 



Hm^{Y,\ip^{K{t)-a^{t)\ 
t^i V '^^o 



(125) 



It is substantial, that both field operators E{r,t) and 
H(f,t) are Hermitian operators. 



3. Cavity 4- currents 

It represents the interest to calculate the 4-currents 
for given task. Let us place all the vector-functions in 
pairs in accordance with their parity. Then we have the 
following pairs 

[m (f, t), (^-^ t)), [m (f, t),m (r, t)) (126) 

in which both the i?- vectors and i7- vectors have the same 
space parity (polar and axial correspondingly) and differ 
each other by t-parity, t-even and t-uneven in accordance 
with their numbers in pairs. It means, that they trasform 
like to xa and xi coordinates in ^i?4. In a similar man- 
ner can be set the vector-functions with opposite to the 
vector-functions in (I126P space parity 

[m (f , t) , m (f, t) ) , {m (f, t) ,m{f,t)). (127) 

Then taking into account the definition of complex quan- 
tities to be pair of real defined quantities, taken in fixed 
order, we come in a natural way once again to concept 
of complex vector-functions, which describe Maxwellian 
EM-field equations. In other words, we have in fact the 
quantities 



and 



E^'Hr,t)+i3^\r,t)=E,,pir,t), 
t) + im (f, t) = H,^a{r, t), 

m{r,t) + im{r,t)^E,.a{r,t), 



(128) 



(129) 



where complex plane put in correspondence to (y, z) real 
plane, subscripts a and p mean axial and polar respec- 
tively. It seems to be convenient to determine the space of 
EM-field vector-functions under the ring of quaternions 
with another basis in comparison with basis, given by 
We will use now the quaternion basis {e^}, i = 0, 3 
with algebraic operations between elements, satisfying to 
relationships 

(130) 

where e.^fe is completely antisymmetric Levi-Chivita 3- 
tensor. 

Let us define the vector biquaternion 

$ = (^[11 + i?[2l) + + ^[2])^ (131) 

which can be represented to be the sum of the biquater- 
nions 



$ = F + F, 



(132) 



where F = B^^+i{H^^\F = H^^^ +iE^^\ Then MaxweU 
equations for instance for two free photon fields with dif- 
ferent t-parity are 



V$ = 0. 



(133) 
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The generalized Maxwell equations in quaternion form 
with quaternion basis, given by (j69p . can also be rewrit- 
ten in fully quaternion form, if to use both the bases. It 
seems to be consequence of independence of basis defini- 
tion for both the quaternion forms. 

It is evident, that 



(134) 



where subscript ± corresponds to two possibilities for 
definition of complex vector-functions. Along with rela- 
tionships (|128l) . (|129p they can be defined by the change 
of addition sign in (|128p . (I129p to opposite. The quantity 
j^^j.(x) is well known quantity, and it is determined by 



dL{x) 



le X ^ X ^ 



dL{x) 



(135) 



where L{x) is Lagrange function and uli'^{x),s = 1,2 are 
Ua^{x) = \/eo^f sin ka{x3,)[qa{xi) ± iq^{xi)] 



1 dqa{xi) 



UJa dXA 



(136) 



The functions u^'='=(a;),s = 1,2, a G N are built from 
the components of the expansion in Fourier series of the 
fields E^^\f,t),3^\f,t) and H^^\r,t), H^^'i{f,t) corre- 
spondingly. 

(2) 

To determine the current density j_ {x) we have to 
take into consideration, that gauge symmetry group of 
EM-field is two-parametric group r(a, /3) — Ui{a) (g) 
9l(/3), where fH(/3) is abelian multiplicative group of real 
numbers (excluding zero). It leads also to existence for 
EM-field of complex 4-current densities including com- 
plex charge density component. Since the current density 

jl!±(a;) is 



00 2 



dL{x) 



d{df^ut;^{x)) 



<^ix) 



le 

he 



EE 



dd u'-'^ix) 



It can be easily shown, that j3^{r,t) is always equal 
to zero for any set of twice continuously differentiable 
functions {^^(i)},^ G N. The expression for arbi- 
trary set of twice continuously differentiable functions 



{q^{t)},a eN, for jl^{r,t)i 
2ie 



{ 



mciUJ^ sin2fco 



a—l 
t t" 



i\qa{t) ± iuj^ J J qa{t')dt'dt"\ 




(138) 



J qa{t')dt' =F 



i dqgjt) 

(jJa dt 



}■ 



The relationship ()138p is true for both the variants in 
superposition 

m (f, t) + im (f, t) = (f, t),i^ j, i, j = i, 2. 

(139) 

Taking into account relationship (1551) . that is the set 
{qa{t)},a e N, which satisfy the Maxwell equations we 
will have 



8ie 
' fu9V 



rUaUj^ sin2fcQ 



zx 



1=1 



(140) 



[OlQ02ae +'^ia'^2ae J, 

the expression for arbitrary set of twice continuously dif- 
ferentiable functions {qa{t)},a G N, for jl'^{r,t) is 



2e 



mQa;^{sin^ ka 



zx 



a=l 



^T.^]b.(t)±.:(.)] 

dqajt) . dqljt) 

±« —\\~qc[t)±qc (t)\ 



dt dt 

- COS^ kaZ 



1 dqa{t) 



dt^ 
t 



±ia;ag*(i)]x 



(141) 



dt 



Ti^^a J Qait'dt'] 



-ld^q„{t) 



dt^ 



± iu)aqa{t)] X 



t t" 



(137) where q^^t) ~ J J qa{t')dt' dt" . It is evident from re- 



lationship (|14ip . that in the case of real- valued sets of 
twice continuously differentiable functions {qa{ty\,oi £ 
N, jl'^{r,t) is equal to zero. For complex- valued func- 
tions, determined by (|85p. we will have 



8ie 
hc^V 



(142) 



a=l 



16 



It is seen from (|142p . that jl'^{f,t) in the case of 
Maxwehian EM-field is constant, which is equal to zero 
at \Cia\ = \C2a\, that is for all real- valued functions and 
for complex-valued functions {qa{t)}, a € N, which differ 
each other by arguments of constants Cia and C2a- 



2c ^ ^ , 2 "27 ^/i /\i2\ 

2_^{maUJ^sm kaZ — [\qa[t)\ )- 



hc^v 



a=l 



/ ho.{t')dt'dt"\^)T^Aqo,{t) I I ql{t')dt'dt"] 



t t" 



d 

dt' 



dt 
t t" 











t t" 



y.iujl±—[ql{t) I I qait')dt'dt"]iujl + maUjlcos^kaZ 



dt dt 

t 



T.^(^^^ 



(143) 



For complex- valued functions, determined by (jSSp . we 
obtain 



zx 



2 ± / ^ , Old ■r-^ o 

a — l 

It can be shown, that continuity equation 



(144) 



dXn 



= 



(145) 



is fulfilled for both general case and for Maxwellian EM- 
ficld functions considered. 



III. CONCLUSIONS 

It is shown on the basis of complex number theory, 
that any quantumphysical quantity is complex quantity. 

Additional gauge invariance of complex relativistic 
fields was found. It is based on invariance of general- 
ized relativistic equations under the operations of addi- 
tional gauge symmetry group - multiplicative group £H 
of all real numbers (without zero) and leads to appear- 
ance of purely imaginary component of charge. So, it was 
shown, that complex fields are characterized by complex 
charges. It gives key for correct generalization of field 
equations, in particular for electrodynamics. In appli- 
cation to EM-field it means that two-parametric group 
T{a, j3) = Ui{a) ® 9l(/3) determines the gauge symmetry 
of EM-field and that free real EM-field is characterized 
by purely imaginary charge. 



" E" ' 




cosh 1? i sinh d 




■ E ' 


H" 




— isinh?9 cosh?9 




H 



Additional hyperbolic dual symmetry of Maxwell equa- 
tions is established, which includes Lorentz-invariance to 
be its particular case. The essence of additional hyper- 
bolic dual symmetry of Maxwell equations is that, that 
Maxwell equations along with dual transformation sym- 
metry, established by Rainich, given by ([35]) - ([38]). are 
symmetric relatively the dual transformations of another 
kind. Hyperbolic dual transformations for electric and 
magnetic field strengh vector functions are 



(146) 



where ■& is arbitrary continuous parameter, d g [0, 27r]. 

Generalized Maxwell equations are obtained on the 
basis of both dual and hyperbolic dual symmetries of 
EM-field. It is shown, that in general case both scalar 
and vector quantities, entering equations, are quaternion 
quantities, four components of which have different par- 
ities under improper rotations. 

Invariants for EM-field, consisting of dually symmetric 
parts, for both the cases of dual symmetry and hyperbolic 
dual symmetry are found. It is concluded, that Maxwell 
equations with all quaternion vector and scalar variables 
give concrete connection between dual and gauge sym- 
metries of EM-field. 

The example of free classical and quantized cavity EM- 
field is considered. It is shown, that the same physical 
conserving quantity corresponds to both dual and hyper- 
bolic dual symmetry of Maxwell equations. It is spin in 
general case and spirality in the geometry choosed, when 
vector E is directed along absciss axis, H is directed along 
ordinate axis in (E, H) functional space. Spin takes on 
special leading significance among the physical charac- 
teristics of EM-field, since the only spin (spirality in the 
geometry considered) combine two subsystems of photon 
fields, which have definite P-parity (even and uneven) 
with the subsystem of two fields, which have definite t- 
parity (also even and uneven) into one system. It is con- 
sidered to be the proof for four component structure of 
EM-field to be a single whole, that is, it is the confir- 
mation along with the possibility of the representation 
of EM-field in four component quaternion form, given by 
([75)) . ((7S|) . (1771) . ([75)) . the necessity of given representa- 
tion. It extends the overview on the nature of EM-field 
itself. It seems to be remarkable, that given result on the 
special leading significance of spin is in agreement with 
result in p^ . where was shown, that spin is quaternion 
vector of the state in Hilbert space, defined under ring of 
quaternions, of any quantum system (in the frame of the 
chain model considered) interacting with EM-field. 

New principle of EM-field quantization, which is 
based on choosing of immediately observable quantities 
- vector-functions E{f, t) and H{f, t) - to be field func- 
tions, is proposed. It is found, that quantized Maxwellian 
EM-field is the only complex-valued field. Consequently, 
there is difference between classical and quantized EM- 
fields, since classical EM-field can be determined by both 
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complex-valued and real-valued functions. 
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